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and3/(-4a:»+3-Ba?+3Ca;+2>)-Wa:+ 



PREFACE. 



The present Treatise is intended as an introduction to 
the study of the Differential and Integral Calculus, but 
will be found to contain what is necessary to know in 
order to pass on to the subjects which presume a know- 
ledge of the Calculus. 

I have endeavoured to make this book suitable not 
only for the mathematical student, but also for men like 
engineers and electricians who require the subject for 
practical applications, to whom even a slight knowledge 
of the notation and methods of the Calculus is becoming 
more and more indispensable. 

Hitherto in this country the influence of Newton, 
although the inventor of Fluxions, has been employed 
to delay the study of this subject, and make a know- 
ledge of it the privilege of a select few ; my object in 
writing this treatise has been mainly to present the 
subject in as simple a manner as possible, in order to 
encourage a larger number of students to cultivate it. 

In order, however, to keep the size of the book within 
reasonable limits, it is assumed that the reader has 
already acquired a knowledge of the elements of the 
subject of Algebra, Trigonometry, and Co-ordinate 
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Geometry, as given, for instance, in the treatises of 
Hall and Knight, J. B. Lock and C. Smith ; accordingly 
I have at once proceeded to explain the operation and 
application of Differentiation with as little preliminary 
explanation as possible. 

I have followed the recent American treatises of Rice 
and Woolsey Johnson, Byerly and J. H. Taylor, on this 
subject in introducing the notion, of Time as an inde- 
pendent variable, and the associated ideas of velocity 
and acceleration, in order to afford illustrations of the 
use of the Calculus; this is after all only a return to 
the Method of Fluxions as invented by Newton, and 
carried out by Maclaurin and other writers in this 
country, until supplanted by the notation of the 
Differential CoeflBcients of the foreign mathematicians. 

The Doctrine of Fluxions is a useful and rigorous 

method of presenting the elementary ideas of the flow 

of varying quantities, and is employed in the treatises 

of Rice and Woolsey Johnson under the name of the 

Method of Rates; but the notation for a fluxion, for 

instance x the fluxion of ic, though easily written is 

difficult to print, and has the inconvenience of not 

indicating the independent variable, so that the notation 

dtC ' 

of Leibnitz, -rz instead of x, is now used almost uni- 

at 

versally in printed books; and this notation it is now 
proposed to print in the form dx/dt, in order to econo- 
mize space. 

The chief novelties in the present work consist, first, 
in carrying on the subjects of the Differential and of 
the Integral Calculus together, instead of, as is usual, 
completing the Differential before passing on to the 
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Integral Calculus ; secondly, in the use of the hyperbolic 
functions in conjunction with the otdinary circular 
trigonometrical functions, in order to preserve an exact 
analogy, which is not apparent when only the exponen- 
tial and logarithmic functions are employed. 

The notation of sinh, cosh, tanh, etc., to denote the 
hyperbolic sine, cosine, tangent, etc., has been employed, 
in accordance with what appears to be now the most 
universal custom. 

I have ventured also, in order to preserve symmetry, 
to introduce the inverse hyperbolic functions, and, fol- 
lowing Byerly, to denote them by sinh"\ cosh"^ tanh"^ etc., 
by analogy with sin""^ cos'^ tan"\ etc. ; this idea will be 
found indicated in Bertrand's Integral Calculus, Chapter 
I., but apparently has not been used, in consequence of 
the cumbrousness of the notation there employed, namely, 
sect, sin hyp., sect, cos hyp., sect, tang hyp., etc., in- 
stead of the above. 

By the use of the direct and inverse hyperbolic func- 
tions in conjunction with the direct and inverse circular 
functions, the Calculus is in my opinion considerably 
simplified, and the student is led on more naturally and 
readily to the consideration of the elliptic and other 
functions. The consideration of these functions is how- 
ever beyond the scope of the present treatise. 

In order to exhibit more clearly the analogy and 
symmetry between the circular and hyperbolic func- 
tions, I have made a digression in Chapter I. on the 
formulas of the addition equation (as it may be called 
by analogy with elliptic functions) of ordinary trigono- 
metry, showing how the formulas may all be deduced 
from a single figure, with the corresponding relations 
of the hyperbolic functions. 
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Numerous collections of examples will be found 
throughout the book, introduced at each point to illus- 
trate what has immediately gone before. 

The order of arrangement will be found in some 
respects different to what is customary: for instance, 
the idea of tracing simple curves from their equations 
has been introduced into the first chapter, so far as is 
necessary for the ordinary applications of the Integral 
Calculus to finding the areas, etc., of these curves ; the 
general theory of curves being resumed in the last 
chapter. Maxima and Minima also have been investi- 
gated without the aid of Taylor's Theorem. 

Change of the Independent Variable has only been 
touched upon where necessary; the general theory 
of Change of the Independent Variable, as well as 
Lagrange's and Laplace's Theorems, and the Elimination 
of Constants and Functions, have been omitted as beyond 
the scope of an elementary treatise. 

I have to thank Mr. A. G. Hadcock, Inspector of 
Ordnance Machinery, Eoyal Artillery, for drawing the 
diagrams, and also for revising the proof sheets and 
preparing the index. 



Woolwich, 
December, 1885. 
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CHAPTER L 

DIFFERENTIATION. 

1. Definition of a Differential Coefficient 

If{(x) denotes any function of a variable quantity x, and 
if {(x + h) denotes the same function of x + h when x 
receives a small increment h, then the limiting value of 

{(x + h)-{(x) 

h 
when h is indefinitely diminished is called the differential 

coefficient of f(x) with respect to x, and is denoted by 

dt(x) 

} or f'Caj). This may be conveniently expressed as 

d{(x).^^ {(x + h)^{(x) 
dx h * 

(It; being the abbreviation employed to denote the 
limiting value as ^ is indefinitely diminished and 
ultimately becomes zero. 

Since (fiB/4^ h) - {{x) is the increment of f(x) correspond- f^'^ ^ N 

ing to the increment h of x, therefore It-^^ i — — 

is the ultimate ratio of the corresponding increments of 

{(x) and X denoted by ci!f(a5) and dx, and -4-^ measures 

the rate of increase of f(x). 

/J A 



2 DIFFERENTIATION, 

2. Definition of a Fvmction. 

One quantity denoted by y or i{x) is said to be a 
function of another quantity denoted by x when the 
value of y or Hx) depends on the value of x. 

The notation ix instead of i{x) will be used henceforth 
when the argument consists of a single term like a?. 

Thus x^, a?, a?*, a", sin x, cos «, tan aj, cot x, sec x, cosec a;, 
versa?, sin"^a5, cos'^aj, tan'^aj, cot'^aj, sec"^aj, cosec"^aj, vers"^ir, 
a'y logaj, sinhaj, cosh a?, tanha?, sinh~^a:, cosh"^a?, tanh''a:j, 
etc., are simple functions of a?, which we shall require 
hereafter. 

We shall proceed to differentiate them, that is to find 
their differential coeflScients. 

3. Differential Coefficients of the Simple Functions, 

It follows from the definition that 

d^ _., x-\-h-x 

dx " h 

=itj=i. 

k 
da? _. {x + hf-a? 

dx h 

.2och + h^ 

= lt{2x + h) = 2x, 
dx^_. (x + hy-a? 

dx^ h 

..Sx% + Sxh^±}^ 

= lt(3a;' + 3ajA + A0 = 3aj'. 
dx* _, (x + hy- x^ 

dx" h 

,^ 4^h + 6a?K' + 4^xK' + h* 

"^^ h 

= lt(4aj' + ea?h + ixh' + h^) = 4a:^ 
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And generally 

dx~~ h 

(expanding by the Binomial Theorem) 

=" — ^ — 

Here n may denote any number, positive or negative. 

4. Again 

d sin aj_, . sin(aj + h) — smx 
dte ~" h 

_, 2 cos(iB + J^)sin ^h 
"^^ h 

=ltcos(ic + j^)-^rr— =eos a;. 

For It cos {x + ^h) = cos x, 

and lt«i^^^z=l, 

if x and therefore A is expressed in circular measure. 

5. Definition. The circular measure of an angle J. OP 
(fig. 1) is the ratio of the circular arc AP to the radius 
OP. 

Denoting the ratio of the circumference to the diameter 
of a circle by tt, then the cm. (circular measure) of a 
right angle is Jtt, of the angle of an equilateral triangle 
is Jtt, and so on. 

Draw PM the perpendicular from P on OJ , and let 
the tangent to the circular arc at P meet OA produced 
in T; then according to the definitions of Trigonometry, 
if 6 denotes the cm. of the angle AOPy 
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FIg.l 




MAT 



MP . .OM . 



OP 

AP 
OP 

PT 



=0, 



UP 

or 

OP 



=sec0. 



. ^ AM ^ 

Now JtfP, AP aDd PT are in ascending order of 
magnitude, and 

MP MP 

-p^=cos0; therefore when 6=0, -p^z=l. 

Therefore also, when 0=0, 

JIfP , sine . 
^=l,or-^--=l; 



and 



PT , tand , 



Generally, when 0=0, 

sin md __m sin m0_m tanm0__m 
710 71 mO ~' n' 



nO 



n 



( sin me V/mY /tanmey^/mV 

Denoting sin d or tan 6 by h, then when fc=0, 

si n"'fe _ tan"^A__- sin"^mA_m tan"'mA_m 
h ~ ' k "~ ' nh ~' n' nh ~~ n 
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6. Again 



d cos a;_, cos(a; + A) —cos x 
dx '~ h 

_ , — 2 sin(a! + ^h)sin J/i 
-" h 

= — It sin(aj + ih) , / := - sm x, 

d tan X _ I tanfa + fe) •— tan x 
dx ^ h 

,.sinfe / 7v 2 

z=lt— T— sec(ic + ^)sec x=secx. 

c? cot g; _ , cot(a:; + h) - cot x 
■dx ~ h 

T^sinA , TV 
— _ It— T— cosec(aj + /2,)cosec a;= - cosec 

d sec aj_ , , sec(a; + h) — sec a? 
dec A 

__, cos X — cos(a; + h) 
~' h cos 0? cos(a? + h) 

_, 2 sin(a:; + |fe)sin ^fe 
~~ /icosa;cos(aj + /i) 

COS cc cos(aj + fi) j^ti cos 03 



x» 



and similarly 
c? cosec X 



dx 
d vers a? 



= - cosec X cot X, 



, =sina?. 



6 



DIFFERENTIA TION, 



Eoca/mplea, — 1. Determine from the definition the d.c. 
(diflTerential coefficient) with respect to x of 



X 

smmic, cos-, 
a 



,_1111^. v„ /xY mx-\-n 
^•'^^ Jx' X' X'' ^' X'' ^^ "^ ""^ ' \n) ' ^^T^' ^' 

tan {mx + n), tan aj^ sin aj", a: tan a?. 

2. Obtain geometrically from figure 2 the d.c/s of the 
circular or trigonometrical functions. 

3. Differentiate with respect to a:"*: (i.) af, (ii.) sin a?, 
(iii.) tana?". 




7. The trigonometrical formulae required in the pre- 
ceding differentiations can be established as follows from 



figure 2 : — 



Bisect the angle POQ by OR, and draw FRQlT per- 
pendicular to OjB, and complete the figure. 

Then, if the angle xOR is denoted by -4, and ROF or 
iZOQ by 5: , i 



... j,^ LP NR pr 
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_m.qR pPBP 

~OROP^RPOP 

=sin A cos B + cos A sin B; (1), 

since the angle pPR=NOB=A. 
And 

sm(A-B)-^-^^-^^ 
am{A-Ji)—^—^-^^ 

~0R OQ S^ OQ 

=8inil cos£— cos^ sin£ (2). 

Adding and subtracting (1) and (2), 

sinulco8B=isin(^ + -B) + |8in(-d-5) (3), 

cos A sin B=iam{A +B)- ^sin(^ —B) (4). 

Again, 

,, „, OL ON pR 
coa{A + B)-^=^-^ 

_0N' OR _ pR BP 
~OROP RPOP 

=cos^cosB— sin J.sin£ (5). 

And 

,. j^ OM ON Bq 
cos(^-5)=-^=^ + ^ 

ON OR RgRQ 
~OROQ'^RQ OQ 

=cos A cos ^ + sin ^ sin £ (6). 

Adding and subtracting (5) and (6), 

cos J.cos£= Jcos(4 + 5) + Jcos( J. — -B) (7), 

sin A sin B= — ^cos(^ +B) + Jcos(j4 — B) (8). 

Again, 

. ,.^„, LP NR + pP 
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NR pP NR RP 
ON^ON ON'^OR 



. p-B ^ x>^ RP 
ON pP OR 

(because in the similar triangles pPR and ONR, 

0M~ or) 



And 



tan A + tan B 
i— tan^tan5 



(9). 



OM ON+Rq 
^_Q± NR RQ 
ON ON ON~OR 



1 4-:^ i^&3Q 
^ON '^QqOR 

_ tan J.— tan£ 

~l+tanJ.tan5 (^^^• 

Denoting the angle xOP by C, and xOQ by B, so that 

A + B=C,A-B=D, 
then xORz=A = ^(C+D), 

and ROP=ROQ=B=i{C-D). 

Then 

sin(7+smi)=^+^ 

~ 0P~ OR OP 

=2ami(C+D)co8i(G-D) (11). 

. ^ . J, LP MQ 

~ 0P~ RP OP 

= 2cosKC + i))sinJ(C-D) (12). 
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^ J. OL OM 

cos C/ + cos D=jjp + -TjQ 

^J>N ON OR 



cos(7— cosZ)= 



OP OR OP 

=2 cos ^{C + D)coa i(C - D) (13). 

OL OM 



OP OQ 



~ 0P~ RP OP 

= -2smJ(C+D)8mi(C-2)) (14). 

Equations (11), (12), (13), (14) are equivalent to (3), 
(4), (7), (8) writing C for ^ + £ and D for ^ - B. 
Produce PQ to meet OxinT; then 

^ , , J, RT RQ 
tan^ + tan5=^ + -V 

PTLP PT OP 
~OR~OP LPOR 

=sin(jl + £)sec A sec B (15). 

. . . „ RT RQ 
tan^-tan5=^-^ 

_QT_MQ QT OQ 
~OR~OQ MQOR 
= sin( J. — £)sec A sec B (16). 

These formulae have been proved from a figure in 
which all the angles are acute and contained in the first 
quadrant; but the formulae are seen to be universally 
true for all magnitudes of the angles, and the proof is 
letter for letter the same, if we carefully preserve the 
order of the letters in order to represent the direction 
of the lines in the figure, as is necessary when lines are 
used to represent velocities, forces, etc. 
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8. Putting -4=0, Itt, tt, Stt leads to the relations: 
sin(-i9)= -sinfi, coa(-£)=:cos5, tan(— JB)= -tanjB. 
sinQTT — -B)=cos5, cosdTr— £)=sin5, tan(^7r - -B)=cotB. 
sin(j7r + -B)=cos 5, cos(^7r + 5) = — sin 5, 

tan(i'7r + 5) = — cot B, 
8in(7r — -iB)=sinJ?, cos('jr— £)= -cos-B, 

tan(7r - J?) = — tan B, 
sin('3r + JB) = — sin B, cos(7r + -B) = —cos -B, 

tan(7r + B)= tan 5. 
sin(27r — -B) = - sin 5, cos(27r — B)= cos -B, 

tan(2'7r-J5)=-tan5. 
sin(27r + B) =sin 5, 008(2^ + 5) =cos S, 

tan(2'3r + £) = tan 5. 
Thus 2^ is the period of the sine and cosine, but tt of 
the tangent and cotangent. 

Also 

ainimr + ( — lyB} ^sin B, 
cos(2n7r ±B)= cos J5, 
tan('7i'jr + B)= tan -B, 

where ti is any integer, positive or negative, so that the 
system of angles 

(i.) nir + ( — 1)"5 have the same sine or cosecant; 

(ii.) 2n ± ttB have the same cosine or secant or versed 
sine ; 

(iii.) rnr + B have the same tangent or cotangent. 

9. Oeometrical Interpretation of Differential Coeffidenta. 

Employing in figure 3 the co-ordinates x and y of a, 
point P referred to axes Ox and Oy at right angles, where 
OM=Xy MP=y, and x is measured positive to the right. 
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11 



negative to the left, y is measured positive upwards^ 
negative downwards, then the equation 

y=ix 
represents some curve GPQ, the assemblage of points- 




whose co-ordinates satisfy this equation ; so that, if 
OM=x, then MP={x. 

If MN=h, then ON=x + A, 

and ' NQ=i{(x + h),EQ={{x + h)''fx; 

so that £^±^^g^tan RPQ. 

Now if the angle xTP which the tangent at P makes 

with the axis Ox is denoted by y/r, then since the direction 

of the tangent TP is the ultimate direction of the chord 

PQ when the point Q has approached indefinitely near to 

P, therefore 

tanVr=lt tan iJPQ 

RQ 



=''PR 

_, {(x + h)-ix 



It 



h 
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since 



dfx «, dy 

=—r- or fa; or -^, 

dx dx 

y={x. 




10. Supposing h again, as at first, to denote a finite 
increment of a;, and that fx is a continuous function of x, 
so that in the curve y=z{x the tangent at some point K 
between P and Q (figure 4) is parallel to the chord PQ ; 
then 

{{x + h) — {x_ 



h 



tan QPiJ = tan ZFaj, 

=r(aj + 0A), 



where x + 6h=0JB[, the abscissa of K; and 6= 



MH 



proper fraction, some unknown function of x and A. 

Therefore f (a; + h) = fa? + M (x + Oh), 

a theorem required subsequently in Taylor's Theorem, 
Chap. IV. 

If k denotes a different increment of x, then 

f(a; + k)=fx + M'(x + 4>k\ 
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where is some proper fraction, a function of x and h ; 
80 that 

i{ x + h)-fx _h i\x + eh) 
i{x + k)-ix'~~k i:{x + <l>k)' 

Ultimately when k and h ai'e sufficiently small 

without sensible error, and then 

i{x + h)-fx _li 

which is the rule of proportional parts ; equivalent to 

supposing the arc PQ to be straight without introducing 
sensible error. 

11. If x\ y' are the co-ordinates of any point P' (figure 
3) on the tangent TP, 

x! — X dx 

or 2/-2/=^^(«-«), 

the equation of the tangent TP, 

TM is called the subtangent, and MQ the subnormal 
at P, PG being the normal at P. 

Therefore TM=ycot^=y-^-, 

and MQ=:yteiny{r=y^^ 

Also the equation of the normal is 

, ax^ , V 



1 4 DIFFERENTIA TION. 

Instead of the letter h the symbol Aa? is often employed 
to denote the increment of x, and Ly is then used to 
denote the corresponding increment of y, where y is a 
function of x, denoted by ix. Therefore 

y + ^y=i{x + ^x), 

^nd Ay={(x + Ax) — fx ; 

-so that Ay = RQ if Aa? == PR ; 

dx Ax 

12. Again, let the length of the arc CP of the curve 
CPQ, measured from any fixed point G to the variable 
point P, be denoted by 8. 

Denoting by As the increment of s, corresponding to 
the increment Ax of Xy then the arc CPQ=8 + As, and the 
arc PQ=A8. 

Now, when the point Q approaches to coincidence 
with P, it is assumed as axiomatic that 

,. chord PQ_-i , 
^* arcPQ -^' 

""^ ^* arcPQ -^' 



or 



or 



" Ai -^ ' 

Therefore S + S=^' 

or, as it is sometimes written. 
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Again, cos -^ = cos xTP 

=lt COB RPQ 

_, Ax_^dx ^ 
~ As"" ds ' 
and sin^=:sinicrP 

=ltsinJRPQ 

z=lt ^ = ^. 

As ds' 

ds 
Therefore the tangentP!ir=2/ cosec ^=:y-^» 

and the normal PG=y sec \lr=y j- . 

13. The dynamical interpretation of differential co- 
efficients is interesting ; for if x and y, the co-ordinates of 
a point P moving along the curve CPQ, are given as 
functions of the time t, then the component velocity of P 
parallel to the axis Ox 

-^^~At-^^M^dt' 

and similarly the component velocity of P parallel to the 

axis Oy is -^. 

ds 
The resultant velocity of the point P is -it in the 

direction of the tangent TP ; and therefore 

da? dy^__d8^ 
dt^'^W~dt^' 
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14. Since x?= A^ ^. 

therefore, proceeding to the limit, 

dy ^dy dx 

df^dx df 
where a? is a function of t, and y is a, function of x and 
therefore of t 

With different letters, supposing is a function of y^ 
and 2/ is a function of x, the independent variable, then 

dz ^dz dy 

dx'~'dy dx 
the formula required for the differentiation of a fwnction 
of a function. 

Thus -?^='"^2/"*'^;7^» 

c^fsin x)^ 
for instance, -^—^ — - =m(sina;)"*"^cosa;. 

d sin y dy 

dy 
dam-^y _ dx 

dx ~jo—yy^^'^^'- 

dy 
dta.n''y _ dx 

dx -l+2/2'^8''^> 

^=1 ^, (§ 26), and so on. 
dx y dx ^ ^ 
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Examples, — Find the <i.c. with respect to aj of (cos a)", 
(tan aj)", (sec a?)", (cosec a?)**, (vers a;)", (faj)**, sin (faj). 

15. Implicit and Explicit Relation between two vari- 
ables, X and y. 

When the variables x and y are connected together 
by any relation, for instance by 

a? — Zaxy + y^=^y 
this relation is called an implicit relation between x 
and y. 

Where however it is possible by solution of the equa- 
tion to obtain y in terms of x, or x in terms of y, then y 
is called an explicit function of x, or x of y. 

For instance, in the above implicit relation between x 
and y, we cannot obtain y explicitly in terms of a?, or x 
in terms of y, except by the solution of a cubic equation ; 
but from the implicit relation 

xhf^ — a^{ay^ — y^) = 0, 
we obtain explicitly 

g_ a^x^ 2— _^^V_ 

^-a^ + aj2'''''^-^^3^- 

With an implicit relation between x and^, in order to 

find -^, we differentiate the equation with respect to 

X, treating j/ as a function of x, and obtain what is called 
the^rs^ derived equation; thus from the implicit relation 

x^-Saxy + y^=0, 
we obtain the first derived equation 

so that ^^ti:^ 

dx ax — y^ 

B 
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JSosamples. — Find -^ from the implicit relations : — 

(1) aa? + 2hxy + by^ + 2gx + 2fy + c=0. 

(2) xY=aHx + y). 

3) a^ + y^-oa^x^y=0. 

(4) Prove that -f-=0 when x=a ^2, y=a 4/4 ; 

and -1- 1=0 when x=.a ^4, y=a ^2 ; 

if a? + y^-Saocy=0. 

16. The student should at this stage be exercised in 
drawing simple curves from their equations, thus ex- 
hibiting to the eye the flow of the function y=:fx. 

The curves should be drawn to scale as carefully as 
possible; for this purpose logarithm paper ruled into small 
squares is useful. 

Examples. — Draw the curves : 

(1) y^^i, X, X , X y Xr, X , Jx, -, --^2' 

X dj 

1 1 

(2) 2/^=1, X, x\ a?y x\ x^ Jx, -, -g. 

JO •*/ 

(3) a?-^ + 2y=0,xy-2x-y-0,{y-a>)^=i-<»^- 

^V y- a._3 ' y-(x-l)ix-2y ''~(x-2){x-4>y 
(5)x + y=l,x^ + y'=l,a^ + y'=l,l + ^=l,^i + ^=l. 

(6) a^-2^*=l,2/*-a^=l, -2-^=1. p-^=l- 

(7) y=:Bm X, cos x, tan x, cot x, sec x, vers x, x sin x. 

(8) y=san~\ C08"'a!, tan~'a!, cot"'aj, seC'a, vers"'*. 
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(9) y=a\ e*, log «. 

(10) Sin aj=Bin t/, cos aj=:cos y^ tan a;=tan j/, 
sin^a; + sin2i/= 1, tan^a; + tan^j/^ 1. 

(11) Prove the properties of the following curves ; — 
(L) In y=a*, the subtangent is constant (§ 26) ; 

(ii.) In y^=pXy the parabola, the subnormal is constant; 

(iii.) In x^ + y^=a^y the circle, the normal PO is con- 
stant; 

(iv.) In a:* + 2/'= a*, the part of the tangent intercepted 
by the axes is constant. 

(12) Prove that the equation of the tangent at (pcy) 
(i.) Of the circle x^ + y^=a^ is xx' + yy'=a? ; 

(ii.) Of the eUipse g + g=li8^ + ^=l; 

(iii.) Of the parabola y^^pa; is — - - = 1 ; 

(iv.) Of the hyperbola a;^=c^ is + ^ =2 ; 

X y 

x' V 1 1 
(v.) Of Qg^^f—c'^"''' is — + -^ =— + -. 
^ ' ^ ^fix viy m n 

(13) Prove that if 

(l)9.j^=*».,|=4n.?); 

(14) Prove that if 

the point P describes the conic 

ax^ + 2hxy + by^ + 2gx + 2fy + c=0. 
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17. If OP=T, and the angle xOP=d (fig. 5), then r, 6 
are called the polar co-ordinates of P. 

If 7'={d ia the polar equation of a curve APQ, and if 
xOP=e, then OP=r={d. 

If P0Q=^6, then icOQ=0 + A0 ; 

and OQ=f(0 + A0)=r + Ar; iJQ=f(0 + A0)-f0=Ar ; 

also PR=rAd, 

if Pi2 is the arc of a circle struck with centre 0. 



Flg.5 




But if PR is a straight line drawn perpendicular to 
OQ, then 

,,PjB'__,,8inA0_-, 
^^~PR-^^ Ae "^' 



and 



,^RR' ,,versA0 ^ ,, , ,.R'Q , 

^^PS=^*-Ae~ =^' '^ ^^^* ^^=^- 
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If the angle between OP and the tangent at P is 
denoted by ^, then 

tan ^=lt tan OQP 
PR 



r=lt 



B!Q 



-It ?3 i^ i^ 

—It T^^^V^ 

18. It the arc AP measured from any fixed point A to 
a variable point P is denoted by 8, and PQy the incre- 
ment of the arc, by As; 

., • ,, chord PQ - 

then, since It ttt^—^ 

arc PQ ' 

therefore cos ^ = It cos OQP 

=i£9 



RQ EQ 6X0 PQ 
~ ajcPQ RQ chord PQ 

arc PQ 

~ A8~d8' 

Sim ilarly, sin ^ = It sin OQP 

_ rAg_rcie 
Therefore -r-g + ^^^2==^^^V + sin^^zr 1. 
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If OT is drawn at right angles to OP to meet the 
tangent at P in T, then OT is called the yolar subtangerU, 
and 

Or=r tan ^=r2^. 

If TO produced meets the normal at P in G, 00 is 
called the polar subnormal, and 

OG=r cot ^=j^. 

da 
The tangent PT= r sec = r-i- ; 

the normal PG = r cosec ^ = ja* 

Employing a dynamical interpretation as before, if 
r and 6, the polar co-ordinates of a point P moving 
along the curve APQ, are given functions of the time t, 
then the component velocities of P in the direction 
OP and in the direction PR, perpendicular to OP, are 

dr , de 

dt^^'^'^dt'^ 

these are called the radial and tra/aaverml velocities of P. 

ds 
The resultant velocity is -r. in the direction of the 

tangent TP ; and therefore 

df^^df^df 

19. Examples, — ^Draw the following curves whose 
equations are given in polar co-ordinates : — 

(1) r=i,e,ff, je,\ 

(2) r=cos 0, cos 20, cos 30, cos 40, cos \Q, sec 0, sec \0. 
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(3) 7'= sin 0, sin 20, sin 3d, sin 40, sin J0, cosec 0, cosec J0. 

(4) ?'= 1 - cos 0, 1 + cos 0, ^i 2» T-; 7i» 

^ ^ 1 - cos 0^ I + cos 

^i B» s» COS0— cosa, 1 -cosacos0. 

1 — cos a cos ff cos a— cos ff 

(5) r=0 + sin0, r=0sina 

(6) r=aMoga 

(7) Prove that — 

(i.) In r"=a"sin'yift <p=nO; 
(ii.) r^ =6*cosnd, ^= Jtt — wd ; 
and prove that these curves cut at right angles, 
(iii) In r" = a" sec nO, ^ = Jtt + nO. 
(iv.) r=a^, <p is constant. 

(8) Prove that OT is constant in t=:^, 

00 „ r=zae, 

PO „ r=a sin 0. 

(9) Prove that in 

ds 
(i.) r=a(l +COS 0), ;ia==2 a cos \Q ; 



(ii.)r=ae.|=v(l+g> 



20. It has already been assumed in § 11 that ^ and ^- 

•^ ax ay 

are reciprocal, y being any function of oj, and a; therefore 

a function of y. 

The proof, if any proof is required, may be given thus : 

if Ao; is any increment of x and A^ the corresponding 

increment of y, then always 

A.?/ Aa; - 
Aoj Ai/ ' 
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and therefore preceding to the limit, 

dy dx ^ 

dx dy ' 

dy •. dx . , 

or -, and j- are reciprocal. 
dx ay ^ 

This theorem is required in the 



21. Differentiation of the Inverse Circular Functions, 

Let y=&in'\ 

then x=Qmy, 

dx 
a--eos2/ 

z= 7(1 - sin'j^) 

= v/(l -(»!); 

#-__L_ 

dsin'^a; 1 

or 



Similarly 

Let 
then 



or 





dx 


Va-a: 


.)• 


d 


• -1^ 
sm - 

a 
dx ~~ 


1 






^/(a'-aO 




y- 


cos^'a;, 






X 


cosy, 






dx 
dy 


-siny 








-s/(l- 


-o^J; 




dy_ 
dx 


1 

7(1- 


-0^)' 


d 


cos "'a; 


1 


. 



\ 



dx ~ s/Cl-ar*)' 
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a 



=0, 



and ^ 1 

Since sin-^? + cos-^-=^^, 

therefore — = — ^ + 1 

ax dx 

asin^- dcos"- 

which shows why ?— 2l 

dx dx ' 

22. Again, if 

2/=tan-'aj, 
a;=tany, 

^l+tan^j/ 
%__citan"^a;_ 1 

cZ tan "^- 
a_ g 

dx ~~ a? + a?' 

If 2/=cot"^a5, 

a;=coty, 

dx 3 

-,-=— eosec'y 

= — eot*2/""l 
dy__(icot"'aj__ 1 



and 
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and 



a a 



23. If j/^sec-'a*, 

a;=sec2/> 

dor 

~z=:8ecy tan?^ 

dy 

d 8ec"'a ;__ 1 

Similarly — ^— = - ^^(^_i) ' 

cc=za vers y— «(! - cos y\ 

dx 
dy 



= J(2ax—a:^); 



d vers*^- 
a 



2\' 



dx J{2ax - a;^) 

24. The inverse circular functions are not requii^ed 
much in Elementary Trigonometry, but are indispensable 
in the Differential and Integral Calculus, so the prin- 
cipal formulse of Trigonometry, expressed by the direct 
functions, are given here, with the corresponding inverse 
notation. 
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sin(J. + 5) =:sin -4 cos £ + cos -4 sin £ ; 
sin-^a + sin-^6=sm-^{a 7(1 - 6^) + 6 ^/(l -a^)}. 
coa(J. + B) =:cos A cOs JS —sin A^\vlB\ 
cos-^a + cos-^6=cos-Ha6 - n/(1 - a^ ^/(l - 6^)}. 
A //I . i>\ tan J. + tan £ 

tan'^a + tan'^6=tan"^r; 1 . 

1 -ao 

sin 2 J. = 2sin J. cos ^ ; 

2sin-^a=rsin-'2a ^/(l-a^). 

cos 2j1=:2cos^J. - 1 ; 

2cos"^a=cos"^(2a^ - 1). 

, ^. 2tanJ. . c, A 2tanJ^ ^. 1— tan^-4 

tan2J.=:.i — 7 — 2-T»8i^2il=z — - — 2-7,cos2^=::r— -r — ri ; 
l-tan^'J.' 1+tanM' 1 + tanM' 

2tan ^a=:tan \ 5=sm \ o=cos \ «. 

l-a^ l+a^ l+a^ 

sin3 J. = 3sin A — 4sin^-4 ; 

3sin"^a=sin"^(3a — 4a^). 

cos3^ =r 4cosM — 3cos A ; 

3cos"^a=:cos"^(4a^ — 3a). 

3tanJ.— tanM 



tan3^ = 



l-3tan2J. 



«x -1 i. -i3a-a* 
Stan ^a=tan *;i — s— *• 

1 — 3a* 

sin4 J. = 4sin A cos J. (1 — 2sin*J.) ; 
4sin-^a=sin-^4a(l - 2a2)v'(l - a*) ; 
and so on. 
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TABLE I. GIVING ANY DIRECT CIRCULAR 



sind=: 


Sine. 


Cosine. 


Tangent. 


Cotangent 


sin^ 


^{l-coa^ey 


tan 9 


1 


VCl+tan-*^) 


A/(COt2^+l) 


co%0= 


V(l - 8in2ft) 


coaO 


1 


cotd 


V(l+taxL^d) 


VCcof-'^+l) 


tan^ = 


sin^ 


V(l-cos2^) 
cos^ 


tan 9 


1 


V(l-sin2^) 


cot^ 


Qote = 


V(l--8in2^) 
sin^ 


cos^ 


1 

tand 


cot^ 


^y{l - ooB^B) 


sec^= 


1 


1 

cos^ 


V(l+tAn2^) 


V(C0t2^ + l) 


V(l-sina^) 


cot^ 


co8ec^= 


1 
sin^ 


1 


V(l+tan2^) 


V(cotad + l) 


V(l-C082^) 


vers d =z 


l-V(l-8in2^) 


1 - COS $ 


1- 1 


2 cot^ 


^(COt2^+l) 
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FUNCTION IN TERMS OF THE OTHERS. . 



Secant. 


Cosecant. 


Versed Sine. 


— sind 


V(8ec«d-I) 


I 


V(2 vers d- versed) 


seed 


cosecd 


1 
seed 


V(co8ec2d-l) 
cosec d 


1 - vers d 


= C06d 


V(8ec2d-1) 


I 


V(2 vers d- versed) 
1 - vers d 


-tand 

• 


V(co8ec3d-l) 


1 


V(co8ec2d-l) 


1 - vers d 


= cotd 


V(8ecad-1) 


V(2 vers d- versed) 


seed 


cosecd 


1 

1 - vera d 


=secd 


V(cosec2d-l) 


seed 


cosecd 


1 


—cosecd 


V(8ec»d-1) 


V(2 vers d- versed) 


1- \ 

seed 


cosec d 


versd 


=vers d 
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TABLE IT.— OF THE CORRESPONDING RELATIONS 



8in~^a;= 



co8~*ar= 



Sin-i. 



ain-^a; 



siii-V(l-«*) 



tan-^ar^: 



cot~'a?= 



8ec-^a?= 



txjBcc af— ~ 



ver8"^a:= 



sm 



-1 



Vd+a:^) 



Cos-i. 



0O8-V(l-«*) 



cos"^a; 



cos 



-1 



V(l+a^) 



sm 



-1 



■s/(x'+l) 



s„-iV(a^-l) 



Sin 



X 



sin-ii 

X 



8m-V(2«-xa) 



cos 



-1 



X 



V(a^+1) 



Tan-i. 



tan-i 



a; 



V(l-a:») 



a; 



Cot-i. 



cot-i^^iiz^ 
a; 



cot-i 



tan-^a: 



tan 



cos 



-ii 



cos 



.,V(a:2-l) 



-il 
a; 



Vd-a^) 



cot 



-.1 

X 



cot-^x 



tan-V(«*-l) 



tan-i 



^J{7?-l) 



co8-^(I-ar) 



tan-iVi^Z^ 



1-a: 



cot-* 



1 



V(a52-1) 



cot-V(sf^-l) 



cot-i 



I-a; 
V(2a?-a:«) 
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OF THE INVERSE CIRCULAR FUNCTIONS. 



Sec-i. 



sec 



-1 



V(l-X2) 



Coaec-^ 



cosec 



X 



X 



aec-V(l+«") 



sec 



_iV(^+i) 



X 



cosec 



-1 



1 



^J{l-x^) 



cosec 



-iVdf^-^) 



a* 



Vers-i. 



vers-i{l-V(l-a^^)} 



vers "Ml -x) 



vers 



cosec-i\/(^ + l) 



sec"^ 



sec 



-1 



sJ{^-\) 



sec 



1 1 
1-a: 



cosec 



-1 



a: 



V(a;^ - 1) 



cosec *^a; 



cosec "^—r 



\/{2x-j?) 



i|i— L_\ 



vers-i|l--,-4 1 



vers 



<'-i) 



.».-.{i-vw-in 



vers"^aj 



siii~^a: 



=cos-'a5 



=tan-ia; 



=cot"^a? 



sec-ijc 



= cosec •'■^aj 



=vers~^ 
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Since all the circular functions are expressible in terms 
of any one of them, we might use only one function, 
say the tcmgent, and its inverse; but the other functions 
are used in order to avoid irrational and complicated 
expressions. 

25. The d.c/s of some of the inverse functions can 
be obtained almost as simply by the direct process; 
thus: 

' cZtan"^a; _, tsm'^ix + A) — tan'^a; 

dx h 



=lt T-tan 



k 1 + x(x + h) 
=lt itan-^ ^ 



h 1+x^ + xh 



~~l+x^' 
because =1 when z=0 {^ 5), and 



here 



h 

z= 



l'\-x^ + xK 

By the direct process 

d sin~^a; __ , . sin~^(aj + A,) — sin~*a; 
dx ~' h 

_ , . sm-' {(x+h)J(l-x^)"X^(l'-a?'-2xh-'h^ )} 
-^* h • 

Denoting (x + h)^(l — x^)'-x^{l—a^—2xh — h^) by z, 
then z=0 when ^=0; and therefore 
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- -'* h 

_, (x + h)\l-a?)-!Ji^{l-a^-2cA-h^) 
h{(x + h)^{l -x^) + xj{\ -x^-2xfi-h^)} 

2x+h 



=lt 



{x+h)^(l -x^)+x^il-a^-2xh-h^) 
1 



- ^(i-x^y 

Example. — Determine in the same way the d.c. with 

OC CC OC CR X 

respect to x of sin"^-, cos"^-, tan"' -, sec"^-, vers"^- 

a a a a a 

26. Before -j— and — ^ -— can be found, the number e, 
ax dx 

the haae of the natural or N'apieHan logarithms, must be 

defined. 

When m= 00 ,1 1 H — J = (1 + 0) *, which is indeter- 
minate, and its value must therefore be found by the 
method of limits. 

Expanding by the binomial theorem, 



it(i+i): 

V m/J 

-lJl im^ m(m-l) 1 m(m-l)(m-2) 1 ) 

_lt|l+m-+ 2! ^2 + 31 m*+-j 

111 

= l + ^, + 2-| + 3-,+ ••• ^0 infinity 
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1 

+ 1 

+ -5 

+ 166666... 

+ 041666... 

+ 008333... 

+ -001388... 

+ -000198... 

+ 000024... 

+ -000002... 

+ 

^ 2-71828.... (1), 

an incommensurable number, denoted by the letter e, and 
called the base of the natural or Napierian logarithms. 

Next put m— -; then when m=oo , 0=0; and therefore 



e=:lt(lH — I whenm=:x 
\ m/ 



=lt(l + 0)« when 0=0 ....(2). 

Taking logarithms to any base a, 

1 

log.6 = ltlog«(l+0)« 

^ltl2g.(I±l) When 0=0 (3), 

and itl2&(i±^)=iog.e=l. 

Next put ^^SaO +2;)=A, 

then 1+0= a*, 

0=a*— 1, 
and when 0=0, A=0. 

Therefore log„6=lt -j^ — =-; 



and therefore It 
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=log.a (4). 



and it^!_i:=log,e = l. 

Therefore *L'::zlt ^''* " ^' 



a*-l 



a'lt 



^=a'log,a, 



and — g«log^g--g«^ 

Also cZlog^g; ^^^ log,(a; + A)-log,a; 

dx , h 

, x + h 

zzlt- "^ 



X h 

X 
X Z X 

X ® 

Therefore — ^^ = -, 

oo; X 

when the base is e. The logarithms to the base e are 
called Tiatoro^ logarithms : natural logarithms are in- 
tended when the base is not indicated. 

The circular measure will also be invariably adopted 
for the measurement of angles. 



36 DIFFERENTIATION. 

By these means extraneous factors will be found to 

disappear in differentiation, and the expressions will be 

much simplified. 

. . dsincc^ IT o 

1 or instance, — -, = 180^^^ ^ ' 

27. The exponential function a* and the logarithmic 
function log«a; are inverse functions, because if 

a"^=p, then m=log„2>. 

Starting with m=log„p, then p is sometimes denoted 
by exp^m or log"^m, instead of a"*, especially when m is 
a complicated expression. 

By the theory of indices as explained in Algebra, 
if a**=5f, then 

pg=:(X"*(X"=:a'"+" (1) 

2==— izza'"-" (2> 

q a" 

p'-=(«"*y=a'"'" (3) 

rjp={a^)l=za^ (4) 

Therefore the corresponding theorems for the log- 
arithmic function are : 

logapq^m + n—logaP + ^og^q (5) 

lo,P=m-n=logp-io,, (6) 

log p" =mr^T log p (.7) 

logVl>=^!=-logP (8) 

Also if e* = a, then e = a*, and therefore 6 = log^a, 
and r=log„e ; so that log,alog„e=l. 

These theorems have already been employed in 
establishing the preceding differentiations. 



DIFFERENTIA TION, 37 

28. Corresponding to the trigonometrical functions of 
the circle, there are certain functions associated with the 
hyperbola, called the hyperbolic fvmctions, which are of 
very great use, and are defined here as follows : 

J(e'— e"*) is called the hyperbolic sine of v^ and is 
denoted by sinh v ; 

Ke' + e"') is called the hyperbolic cosine of v, and 
denoted by cosh v ; and 

, -,^=1 — ;r is called the hyperbolic tangent of v, 

and is denoted by tanh v ; and so on for the other hyper- 
bolic functions corresponding to the remaining circular 
functions. 

From the exponential values of the sine and cosine, 
i denoting ^ — 1, namely 

1 1 

sin v=^.(6*'— e'**), cos v=^(e*' + e'") ; 

it is seen that 

sin iv=i sinh t;, cos iv=:cosh v ; 
cosh^v — sinh^ = 1 ; 
and sin(u + iv) = sin u cosh v + i cos u sinh t;, 

cos(u + iv) = cos u cosh v—i sin u sinh u 

29. For instance, if 

jr + iy^c cos(^— iiy), 
then aj = c cos ^ cosh jy, 

2/=csin ^sinh i;, 

and alternately eliminating ^ and j;, 

c^cosh^jy c^sinh^jy ' 

^ y =1 • 
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representing a system of confocal ellipses and hyperbolas 
(fig. 6) for constant values of jy and ^; and sech jy will 
be the excentricity of an ellipse, sec ^ of a hyperbola. 



Fig. 6 




Again, if x+iy=ic tani(x + ip) ; 

this may be written 

^ I fy-c ^^^ Kx + V)cQs ^(x - V) _^ sin x+sin ip 
cos J (x + i/))cos i (x — if>) cosip + cos x, 
_ csinx 



so that 



X 



y= 



cosh /)+ cos x' 
c sinh p 



cosh p + cos X 

Also tan x=^an{^(x+'i/>) + Kx~V)} 
_ x + iy + X'-iy 

~ c^ — {x + iy){x-iy) 

2cx 



or 



c^—x^-y^' 

x^ + y^-\-2cx cotx—c^=0; 
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representing a circle of radius ccosecx ai^d centre 
( - c cot X, 0), and passing through (0, ±c). 

And tan ip=:tan{ J(x + ip) - Kx ~ V)) 

x + iy—x + iy 
"' c^ + (x + iy)(x-iy) 

_ 2icy 
""c^ + aj^ + y^* 



or 



or 



tanhpzn-- ^ 

x^ + y^ — 2cy coth p + c^= ; 




representing a circle of radius c cosech p and centre 
(0, c coth />), which always cuts the preceding circle 
(fig. 7) at right angles. 
As an exercise, prove that the focal distances of a point 
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at the intersection of the ellipse 17 and the hyperbola ^ 

are 

c(eosh 1;— cos ^) and c(eosh jy + cos ^), 

and that the perpendiculars from the centre on the 
tangents are 

c sinh 2j7 a ^ ^^ ^^ 

^{2(cosh2;;-cos2'^)} *^ ";;y{2(cosh2,7-cos2^)}* 
Determine also for the orthogonal circles of fig. 7 the 
distances of any point from S and S', and the perpen- 
diculars on the tangents in terms of x ^i^d p ; and prove 

that X is the angle between 8P and S'P, and p=log-up' 

30. The geometrical interpretation of the hyperbolic 

functioDs can be seen by drawing (Fig. 8) the rectangular 

hyperbola 

^2_^2_^2^ (1) 

the conjugate hyperbola 

y^—x^=a^,, (2) 

and the inscribed circle 

a;2 + 2/2-a2 (3) 

Then if P is any point (xy) on (1), we can put 

x=OM=a coshu, 
y-=MP=a sinh u, 
since cosh ^u—sinh^u=l; 

and - = tan xOP = tanh u. 

X 

Then the area AOP will be found to be \a^u (Chap. II.). 

From M draw the tangent MR to the circle (3) ; then 

if the circular measure of xOR is 0, the sectorial area 

A OR is \d^Q ; and 

x=^a sec 0=a cosh ^t, 

2/i=a tan 0=(X sinh u, 

so that MR=MP, 
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When Q and u are connected by this relation, Q ia 
called by Professor Cay ley the Oudermannian of u (from 
Gudermann who studied the properties of these functions), 



J' 



N 
B 
V 



O 





Fig.8. 
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0^ /// 
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X 



and is denoted by gd u ; and sin Q by sg u, cos Q by 
eg u, etc. ; so that sg u=tanh u, eg i6=:8ech Uy etc. 
It may be noticed that, if 



then 



cos© cosh U=:l, 
l-tan^jg l + tanh4i^ _^ 
l + tan^e l-tanh^t^ ' 



or 



tan2j0=:tanh ^Ju, 

so that the line Otp which bisects the angle AOR bisects 
also the sectorial area AOP\ and Otp, MR, and the 
tangent at P will be found to intersect in one point on 
the tangent at A, 

(When the theory of Elliptic Functions is studied it 
will be found that the circular functions are a particular 
case of the elliptic functions obtained by making the 
rrvod/wlus of the elliptic functions zero, and the hyperbolic 
or Gudermannian functions a particular case obtained 
by making the modulus unity.) 
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31. If 33, y are the co-ordinates of any point Q on the 
conjugate hyperbola (2), then we may put 

irnrJVQ=:asinhi;, 

and then the sectorial area 05Q will be found to be \aN ; 
and t6=v, when OF and OQ are conjugate. 

Generally, by orthogonal projection on a plane through 
the transverse axis, for any point P on the hyperbola 

we have x=a cosh Uyy=^h sinh u, 

where the sectorial area AOP 



— \ahu— iab log ( - + 1) ; 



and for any point Q on the conjugate hyperbola 

x=a sinh v, y=a cosh t', 
where the sectorial area BOQ 

= ^ahv=^ab logf- + t] ; 

and u^Vy when OP and OQ are conjugate. 

32. Corresponding to the trigonometrical formute for 
the circular functions, we have for the hyperbolic func- 
tions 

cosh% — sinh^u = 1 ; 

tanh% + sech^u = 1 ; 
coth^ — cosech^u = 1 ; 
sinh2u = 2sinh u cosh u ; 
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cosIi2u = cosh% + sinh^u, 

= 2cosli%— 1, 

= 1 + 2 sinh^te, ; 

sinh (u + v) = sinh u cosh v + cosh u siuh v ; 

cosh (u + 1;) = cosh u cosh v + sinh u sinh v ; 

^ , , . tanh u + tanh v 
tanhfu + v) = -— —r — r — i — r— ; 
^ ■ 1 + tanh u tanh v 

sinh u + sinh v = 2 sinh ^(u + t;)cosh ^(u — v) ; 

sinh u — sinh t; = 2 cosh J(u + v)sinh J(u — v) ; 

cosh w + cosh -y = 2 cosh |(u + t;)cosh \{u — v) ; 

cosh u — cosh v = 2 sinh \{n + t;)sinh ^('a — v) ; 

tanh u— tanh v = sinh (it — v)sech u sech t'. 

. , d sinh a; , 
Also — -^ = cosh X, 

d cosh a; . , 
— , — =sinha:;, 

d tanh x , „ 

7 =sech^cc, 

aa; 

d coth X 1 o 

— 3 = — cosech^a;; 

dx 

which may be proved in a manner corresponding to that 

employed for the circular functions ; because 

sinh h ^ J tanh A _ , t ^ 
— T — =1, and — T — = 1, when h = 0. 

Corresponding to the real period 2Tr or tt of the 
circular functions there is an imaginary period 2iTr of the 
hyperbolic sine and cosine, and an imaginary period iir 
of the hyperbolic tangent. 
Thus, 

sinh ii-TT = if cosh ^itt = 0, tanh J^tt = oo ; 

8inhi7r = 0, coshi'7r= —1, tanhi7r = 0; 

sinh 2i'7r = 0, cosh 2i7r = 1, tanh 2i7r = ; 
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sinhd^Tr + v)—i cosh v^ cosh(^i'7r + v) =i sinh v, 

tanh(Ji'7r + v) =:coth v ; 
sinh(i'7r + v)= -sinh v, cosh(i'7r + v)= - cosh v, 

tanh(i7r + v) = tanh t; ; 
sinh (2i'7r + 'y) =: sinh v, cosh (2i7r + i;) =r cosh v, 

tanh(2'i7r + v) = tanh v. 
33. The inverse hyperbolic functions will be required 
in the Integral Calculus ; the preceding formulae with the 
inverse notation become 

sinh~^ic=cosh'V(l+^^)=tanh'^ „- — — 57=... ; 

2 sinh -'ic= sinh-' 2a;^(l+aj2)i=cosh-'(l + 2a;') ; 
2 cosh-'a;=sinh-' 2x J(x'''l)=cosh-\2x^ - 1) ; 
sinh"'aj+sinh~'2/i=sinh-'{cc V(l+2/^)+2/ is/(l+a^)}; 
cosh''cc+cosh"'?/=cosh"*{a?2/+ J(x^ - 1) J(i^-1)}; 

tanh" 'ir + tanh "^'v = tanh"\^^^ . 

It is an instructive exercise to construct, like Tables I. 
and II. of the circular functions, the corresponding tables 
of the direct and inverse hyperbolic functions. 

The inverse hyperbolic functions can all be expressed 

by logarithms ; for instance, if 

y=:sinh~^Xy then x:=&mhy, 

and ^(1 +x^)'\-x=cosh. y +sinh y=exp y, 

and therefore, 

2/ = sinh- 'a; = log { J(l+x^)+x}. 

Similarly cosh"'ir=log{a;+ J{x^ - 1)} ; 

1 "^x t>C"4~ 1 
tanh-*jr=i log:^ , coth-'a?=:i loff ^. 

The use of the inverse hyperbolic functions will be 
apparent when we investigate their d.c's, and compare 
them with those of the inverse circular functions. 
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For let 'y=sinh"^-, 

then ic=asinh2/, 

dx , 

= a V(l +sinh2?/) 

, dsinh'^- 
dy_ a 1 



dx dx J{d^ + xy 

Similarly it can be proved that 



deosh"^- 
a 



V(aj'-a2)' 



a 
9 ~,)f X ^ a ', 



a 

7 — ■ ~o "o» X '^ (t. 

dx x^ -a^ 



dx 




dltanh" 


•1^ 
a 


dx 




d coth" 


■1? 
a 



34. Differentiation of the (i.) sum u-k-v or difference 



u 



u-v, (ii) product uv, (iii.) quotient - 0/ u a^ic? t;, ^tt;o 



V 



given functions of x. 

Denoting the increment of x by Ax, and the corre- 
sponding increments of u and v by Au and Av, then 
.. V c?(i6 + v)_. Au + Av 

^'^ dx "^ Ax 



^du dv 
'~'dx dx 
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.,. ., , d(u-v) du dv 

Similarly -^—3 — -=^ — -y-- 

^ ax dx dx 

And generally, if a and b denote constant factors, 

d{au+bv)_ du jdv 

dx "~ dx dx' 
Thus -T-(aaj"*+ fcaj" - ex'' ) 

=amx'*"^+bnx'"^ - cpaf'^ 

... diiv _. (u+A'w)(v+^v) - uv 

^ '' dx"^ Ax 



="{tsV(»+0 



_du dv . 
~~dx dx' 

because It-r— = j-, Itr— = ,-, and lt(u+A?i)z=:u. 

Aoj dx C^ dx ^ ' 

Hence the rule for differentiating a product : Differen- 
tiide with respect to each factor and add the resuZta, 

Thus — :j-^^— =7iaj*-4og x+x"*- 

dx ^ X 

=x''-\nlogx+l) 

=a?""%g ex\ 

/•'•\ v_.. v+Av V 

^ ^ dx~~ Ax 

_^ Xu+Au)v—u{v+Av) 
""" Ax{v+Av)v 

Au Av 
_,. Aa; Ax 
"" {v+Av)v 
du dv 
dx dx . 

= — ^ — ' 
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hence the d.c. of a fraction is another fraction of which 
ihe derioTrdnator is the square of the original derwrn- 
inator, and the mumerator is the d.c. of the numerator 
multiplied by the denominator, minus the numerator 
multiplied by the d.c. of the denominator. 

Thus if v=?^^ 

%_ (? -i?^) -'^x^)-(Sx-x^)(-Gx) 
ate"" ■ (l-8aj2)2 

-\l-Sxy' 
If the denominator of the fraction is of the form v", for 
instance, if 



then 



u 

y ^' 

du „ 
J -^v—unv 
ay ax 


idv 
dx 


dx~- if'' 

du dv 

dx ax 




yn^l 





removing the common factor t'""* from the numerator 
and denominator. 

In such cases it is sometimes preferable to write the 
fraction in the form of a product, 

y=uv''', 



then 



dy du ^ „ ydv 

-j^=:-j-v~'' - nuv'*"'^-:-- 
dx dx ax 

du dv 

-j-v^nu-T- 
___dx ax 



as before. 
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Examples. — Differentiate with respect to x : 

(1 + 2a; - ^a?) (1 - 2aj + ^x^ - 4^0^), x\l + xy(2 - x)\ 

1-x l+3x2-3a;2 __1 

X ' S'il^xf '^^ ^^ ^^ ^^ * (x^anx^bf 

a/I j, eos7iiB(8ina;)", 7isinwa;eosh7?,a? — mcosmajsinhna;. 

35. When the function of x to be differentiated is a 
single term consisting of factors raised to different powers, 
it is often simpler to take logarithms before differentiat- 
ing : thus, if 






{i+xy 

then 2 log 2/=m log x — n log(l + x), 

1 2 dy_7n n _m + (m — rOcZJ 

y dx^ x~~ l+x~~ x{\.'\-x) 
dy_^ m + {m-n)x ^^^_^ . 

this is called logarithmic differentiation. 
Again if y=^W', 

where u and v are functions of a?, then 

log2/=vlogu, 

and differentiating with respect to x 

1 dy__dv. V du 

y dx~~dx ^ u 5ir' 



or 



dy^_ Jdv. .v^dy\ 

dx'~ \dx ^ u dx/ 



Examples. — Differentiate logarithmically 

-x\ {x+l)\x+^f 1 (sin ma;)" 



V(r+9' 



(X + 2)*^ ' {x - aY{x - 6)**' (cos nx) 
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General Uxamplea of Differentiation. 
In the following examples y is given as a function of 
X, and it is required to determine -^ according to the 
rules explained in this Chapter. 



1. 2/ = V(2a^).t= ^ 



dx V(2aj)' 
Here y=(2^)% and therefore 

g=ix(2.)-»x2=(2.)-*=-^-l^. 

3. y=^{x+a), g=^-^^. 
4.2/= 1 ^2/_ 1 



J{a-x)'dx 2(a-a!)** 

' ^ " V(a^ - (x^y dx " (^2 _ ^2)1* 

^ a? city a^ 

^' ^~V(a?+a7da:-(^+^2)4' 

Employing the rule of § 34 for the differentiation of a fraction, 
dx~ «2+a2 ~(^+^2)f 



o //« 9v »2/ a— aj 

8. y = V(2a«;-a=«). f^=-^^^-—^. 



1 
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(/ 9. 2/ = Ja; — J sin 2aj, ~ = sin^a:^. 

10. y = ^x+lsm 2x, -^ = cosmic. 

11. 2/ = Jcos^aj— cosfl?, -^=sin^a;. 

12. 2/ = sina;— Jsin^a;, -^ = cosmic. 

13. y = ix+l sin 20?+^^ sin 4a;, -^ = cos*a;. 

14. y = log sec x,-~- = tan x. 

. Employing the rule of § 14 for the differentiation of a function 

of a function, 

dy sec x tan x . 
-^= = tan 07. 

dx secx 

15. 2/ = log sin Xy--~= cot x. 

16. y = teinx—Xf -^ = ia,u^x. 

17. 2/ = cota;+a:, ,— = — cot^o?. 

18. y = i tsin^x + log cos x, -J' = tan'a;. 

19. 2/ = Jtan^aj— tanoj+aj, p=tan*a;. 

20. 2/ = log tan Joj, -^^ = cosec x. 



By § 14, 



dy secHa? x i 1 1 ^.^^^ ^ 

— 1< s ^- — 2 = . — i i— = • — =cosec X. 

dx tan^;r 2 sm ^jr cos ^or sin^ 
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21. 2/ = logtan(i'7r+|aj), ^ = secaj. 
By § 14, 

flte tan(Jir+^j;) ~ 2 sin {lir+lx) cos (Jir+i^) 
_ 1 _ 1 

sin(j7r4-^) cos^r' 

Here 

y = J log(l + sin ^) - |log(l - sin ^), 
^ cos^ — cos^ 
c?a?~ 21 + sin 3G~^\- sin^ 

cos 07 1 

= = sec 07. 



1 — sin^o? coso; 

23. 2/ = sec aj tan oj + log tan( Jtt + ^x), ^ = 2860^0;. 

24. 2/ = Jtan^aj + tan a?, ^ = sec^aj- 

25.,=sin->2V(l-«^).g = ;7(^). 

By § 14, 

fl^ ^{ 1-4^2(1-0:2)} -^(f^^- 

26. 2/=sm ^— -- --^==— -_ 

1+aJ dx l+ic^ 

By § H 

2(1+072) -4^ 

c?y_ (l+o?y _ 2 

^ / ( I 4or2 j ~l+or»' 

yr (i+»2)M 
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28.3/=sin-«(3.-4a.),g = -^^. 

29. y=sin->Ml-2x^V(l-'^X^ = ;^7(i^^ 



^«-^=^-'r?.^S=i 



2 



+aj 



,2" 



' ^ s/(<^-^''Y dx'~ax^+2bx+c 



Then 



a 






ac — b^ 



„. _ _ i a^ dy 2 

35. 2/=vers-'(4x-2Ag = -^^^. 

Here 

y=ilog(»+l)-ilog(*»+l)+-^^tan-i2*^~\ 
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%^i_l 1 3a;2 2_ s/3 

cto ^a;+l V + 1 V3^ (2ar-l)2 



3 






39..=logV(g)-itan-'..|=^, 

^ ^VW-V2 + 1/^ l-a;^'cfe"a!*+l• 
42. -v-ioc V("''+^)-« ^_^_^L__ 

dy_ >/M(^-bp)} 

44. y = \6mh2x—)sx, -^=sm\i^x. 
45.2/ = isinh 2a; + Jaj, -5^ = cosh%. 

46. 2/ = Jcosh^o; — cosh x,-^ = sinh^a;. 

47. y = ^Vsioh 4aj + Jsinh 2aj + fa;, J^ = cosh^ic. 

48. 2/=logcosha?, -^ = tanha;. 

49. y = log sinh a;, -i^ = coth a?. 
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50. y = x~' tanh x, -J^ = tanh^x. 

51. 2/ = log cosh aj — Jtanh^a;, ,^ = tanh^a?. 

52. y = x— tanh a; — Jtanh^, J^ = tanh*j?. 

53. 2/ = 2taii"^tanh \x, ^ = sech x. 

54. 2/ = log tanh \x, , - = cosech x, 

o5, y = Jcosech a; coth x + |log tanh ^x, -~ = cosech^a?. 

56. y = tanh a; — Jtanh^a?, ,^ = sech^a;. 

57., = sinh-2V(^^-l),|=-^f-. 
-o • "L-1 2a; ^2/ 2 

60.2,=sinh-X3x+4a^),|=^^^. 
fil ,,-tiiDh- ' "^+^ dy_j^{b^-<K) 

/•o i , _i3a;+ic* rfy 3 

02. 2,=tanh 'j-^,.^=j_,. . 

dv 2 
63. 2/ = tan"^a? + tanh~^a;, -j- = - — -^. 

^ 1— a;^ 1 + x^ aa; 1+a;* 
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66. V = e*"cos6aj, -i^ = ae'^coslbx+a)&ec a, where tan a = -• 
^ dx (^ 

By the rule of § 34 for the differentiation of a product 

fS? = ae°*co8 bx — €f"b sin bx 
dx 

=ae^(cos 6a? - tan a sin 6jc) 

= ae**cos {bx + a) sec a. 

67. y=m8mmajeosh7ii»+'?icosma;siiih'nic, 

-^ = (rn? + n^)coa tyix cosh nx. 

68. 2/ = a; V(a' -'»')+ "'sin"'? g = 2 V(a^ - a;^). 

69. y = a?wers-'^-{fl-x)J(^(vx-oi?), 

70. y = a!V(a^ - a^*) - a2cosh->|, ^| = 2 Vi^i^ - «')• 

71. t/=a;V(aHa!*)+a%inh-'| g=2V(aHa)^). 



72. 2/=a;V(2aaJ+a32)-o2cosh-'n+^j, 

^ = 2V{2aa;+a;2). 

. _, te-S _i la-X 

73. y=8m "V^=''''^ V^^' 

dy_i 1 

da? ^ V(a — a; . 03 — j8) 
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74. 2/ = sinh 






■'^^ = C08h- 

dx %/(»— a.a;— /8)' 



75. y = log{V(^-«)+V(^-^)}.g=i; ^(,_].,_^) . 

76. y = sin- V(sin 2a;) +sinli- V(8in 2a;), g = ^(2cota!). 

77. 2/ = tan"'^(tanh x) + tanh-*,^(tanh x), 

g=V(cotha;). 

78. V ^ log ^^^ "^ ^^^^^ ^^ "^ ^^^ "" ^^^^° ^^ , 

==2tanh->{(«-rJytanJa;},^=^^(^> 
t\a+6/ '' ) dx acosx + b 

79. , = tan-'{(^^ytania;|.^=pMz^) 
^ l\a+o/ ^ y dx ^a+6cosaj 

_ _^acosg;+b dy _,J(a? — h^) 



82. 2/ = cos 



a+6cosa3* cZoj a+6cosaj' 



By § 14, 



— a sin :r(a + 6 cos x) + (a cosd? +ft)^8in^ 
{a + b cos ^)2 

V( .. /acos j7+6\2 i 
( \a+6co8J7/ J 
(a^ — 6^ sin ^ 



(a + 6 cos jc) ^{(« + h cos ii;)^ - (a cos x + 6)2} a + 6 cos x 

T_ id + ft COS a; dy J{a^ — h^) 

83. v = cosh"' —- -, , / = ^— — -/. 

^ acosa;+6 dx acosaj+o 
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84. y = siDh-""f .^r^ ^= ^ytf>. 

a+bsmax ax a+osinho; 

85 -,f-Pon- ' «(^co8a'+C8ina;)+6Hc^ 
■ ^ (a+6cosa;+C8ma;)V(b^+c*)' 

(ia; a+ftcosx+csina;* 

Q„ _ ,_i a(6co8a;+C8ina;)+ 6^+c^ 
^~ (a+6co8a!+csma;V(6q:?)' 

ffa; a+6 cos a;+c sin oj' 

„_ _ _j a(6cosha!+csinha!)+6^— c^ 
3/ -cos (a + ft cosh a; + c sinh x)]jQ^ - <?)' 

dx a+6 cosh a;+c sinh a;' 

^^ __ ,_i a(6cosha;+csinha;) + 6^— c^ 

(a+6coshaj+csinlia;)^(62— c^)' 

cfcc"" a+ 6 cosh ic+c sinh a?' 

,,^ • 1. 1 a(fe cosh 03 +c sinh aj) + 6^ — 0^ 

89. 'w = sinh"'7 — ;^T r — ; . , \ „ c — T^y 

^ {a + b cosh x+c sinh x)^{c^ — 6^) 

cfcc "" a+6 cosh aj+c sinh OJ* 

X 

90. Prove that in the curve 2/ = a log sec-, 

;y- = sec - , and x = aY, 

For -^ = tan -, and therefore -r- = sec - ; 

ax a dx a 

and tan^=^ = tan-, so that ^=?. 

dx a a 
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91. In the curve 3/ = a cosh - (the catenary) prove that 

a 

the length of MQ, the perpendicular drawn from M, the 
foot of the ordinate, on the tangent, is always equal 
to a. 

92. Find the equation of the locus of Q (the tractrix), 
and prove that QM is the tangent at Q, and consequently 
of constant length. 

93. Prove that the equation (§ 30) 

6=gd n<f>, or tan J0=:tanh in<p, or sin = tanh ii0, 
connecting d the latitude and ^ the longitude, represents 
a curve on a terrestrial sphere cutting the meridians at 
a constant angle a, where n=cot a (the loxod/roTYie or 
rhumb line). 

94. Resolve sin a; and cos a; into factors and thence 
deduce by logarithmic differentiation that 

cotaj=-H 1 zr +... 

X X — TT x—Ztt 
coseca? = ^ — ... 

X X — TT X^ZTT 

1 1 

4 



X + TT X+^TT " ' 

and find the con*esponding expressions for tana; and 
sec X ; also of sec^aj and cosec^o;. 



CHAPTER II. 

INTEGRATION. 

36. The process of Integration is the reverse of Differ- 
entiation, and is the province of the Integral Gcdculus, 

In the Differential Calculus a function fa? is given, and 

dfx 
we investigate the rules for finding -i— or tx. 

But in the Integral Calculus the function {'x is given, 
and we are required to find {x, the function of which {'x 
is the differential coefficient. 

This process is of a tentative nature, depending on a 

previous knowledge of differentiation as explained in 

Chapter I. ; just as Division in Arithmetic is a tentative 

process, depending on a knowledge of Multiplication. 

With the notation of the Differential Calculus 

«, _dtx 

"" dx* 

or rxdx = dix, 

the notation of Differentials. 

Now supposing /and d to represent inverse operations^ 

so that / and d cancel ; operating by /, 

f['xdx=fdfx, 

= {x, 
the notation of the Integral Calculus. 
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37. To every differentiation in the Differential Calculus 
corresponds an integration in the Integral Calculus, and 
this correspondence for the functions we shall employ is 
exhibited in the following table. 



DiFFERBNTIAL CALCULUS. 

(a) g =«^- 

(b) — - - =co8:r. 

dx 

(c) — - - - = - sin a?. 

dx 

(d) ^t^=sec»x 

dx 

f \ dcotx „ 

(e ) — - — = - cosec^^. 

dx 

/£\ d sec X . 

(f ) —frijr = sec x tan x, 

dx 

/ \ d cosec X . 

(g) — = — cosec X cot X. 

dx 



Integral Calculus. 



<h) 


dyeTsx__ 
dx 


-sin or. 




(i) 


dsm~ 
dx 


1? 


1 




VJ 


^(a^-x 


'y 




dco&~ 


^x 






(J) 


dx 


a_ 


1 




-^)- 


(k) 


c?tan" 


.iX 

a. 


_ a 





dx d^+a^ 

dcot-^^ 

(1) «=_ « _. 

dx x^ + d^ 



(m) 



d sec"^- 
a 



a 



faf^dx= 



j^+i 



Wi + 1 



X 



/co8a7cte=sin:F. 
/sin arcZa? = - cos ^. 

fsei^xdx = tan ^. 

fcosec^xdx=^ — cot or. 

/sec X tan xdx^eec x. 

/cosec ^ cot orc^ = — cosec x. 

/sin ^cZa? = vers x. 



dx X mJ{x^ - d^) 



I 
I 



dx • _iX 

»J{a^-x^) a 



dx 



= -cos 



^(a^-x^ 



^ Itan-^^. 

a^+a^ a a 



-1?. 
a 



x^+a^ 



cot"^-. 
a a 



dx 



— -sec"^ 



X 



X fj{x^ -a^) a a 
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Differential Calculus. 



d cosec^^- 
(n)- 



a 



(o) 



dx 
a 



1 



dx Ji^Lax-a^) 



(p)-^=»*loga. 

/ X d sinh 07 , 
(r) = cosh X, 

dx 

/A G? cosh 07 . I. 
(a) =smh X, 

dx 

(t) ^*^=sech»ar. 
dx 

dx 

f y,d log X 1 



(w) 






« 



(y) 



cte sj{a^+x^y 



d cosh ■^- 
a 



dx J{a^ - a^y 



c?tanh~^- 
a 



a 



(z) 



dx 



d coth~^- 
a 

dx 



a^-x^ 



a 






Integral Calculus. 



dx 1 _,x 

-f-r^ ST = - -cosec-^-. 



vers"^-. 
a 



dx 

»J{2ax-a^)'' 

/a'dx=~, 
log a 

fe'^dx^- , 



/cosh xdx = sinh x. 
/sinh xdx — cosh x, 
faech^xdx = tanh x. 
/cQBech^xdx= -cotho?. 



/ 
/ 



: 



^ ,=sinh-< 

V(a2 + 072) a' 

or=log{^{a^+x^)+x}, 

-—— 5^ = cosh 1 , 

or = log{o7 + V (^^ - a^) }. 
"^^ =ltanh-i?(o;<a), 



d'^—x^ a 



a 



/. 



li^ a+x 
or = — log— !—. 

2a a — 07 

/•^ =_lcoth-i?(o;5-«) 

_ 1| x — a 
2a x+a 
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Since the d.c. of a constant is zero, therefore in integra- 
tion an arbitrary constant may be added, and the integral 
is then called an indefinite integral. 

When, in the above formulae, a discrepancy of results of 
integration appears, as between (c) and (h), (i) and ( j ), 
(k) and (1), (m) and (n), the results will be found to 
differ by a constant. 

38. Any function of x which can be thrown into the 
form (fxy^'m is immediately integmble by (a), because 

J m+1 

But if m = — 1, then by (v) 

/^c?aj = logfic. 

Eocamples. — Integrate with respect to x : 

0,l,a,x,ax+b,x^,oi?,j^Xyj^x,-j^j ^-, -, 'i'"}*^'^'"; — ^i> 

^ ^ X X ynx) It 

(mx+nf, aa?+2bx+c, (a?+a«)», 7^5^- x^ia^+a^), 
X X x — o x — c 



// \2 2)m/ \ 005 + 6 CWJ + ft 
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{ai^+2hx+cT{a^+b\ (^:,:^yi^(^:|:^i (rationaUze the 
denominator). 

(It is not necessary to give the answers, as the correct- 
ness of the result can always be tested by differentiation.) 



39. Integration of Rational Fractions, 

tx 
Any rational fraction :^^ the numerator and denom- 
inator of which are rational integral algebraical functions 
of flj, and therefore of the form 

Yx^Aa^ -h^ic"-' +(7aj"-' + ...' 

where ni and n are positive integers, is integrated by 
resolving it into its partial functions by the ordinary 
rules of Algebra ; if the degree of the numerator is.equal 
to or greater than the degree of the denominator, that is, if 
7n,=n or> ti, the quotient must be first obtained by 
division. 



a? 
Example 1. To integrate -^— ,c ^ ^ we must suppose 

A B 
it resolved into x+Z-\ rH ^, x+^ being the 

X ■— X X *— ^ 

quotient, and — ^, ~"Z79' *^® partial fractions. 
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To determine -4, multiply by its denominator aj— 1; 

Now, put aj— 1 = 0; then A = ^ (whence— 1 = 0)= — 1. 

Similarly B = -^ (when a - 2 = 0) = 8. 



Then 






a^dx 



3a5+2 



=/(-+3-^l+^h 



= ia?+3aj-log(a5-l)+81og(a;-2). 

fx 
Generally, in integrating ^r-, if a;— a is a factor of the 

denominator Fa?, so that 

Fx=(x^a)ipx, 

A 
to determine the corresponding partial fraction 



x—a 



fx A R 

assume t^-= ; 

rx x — a <f>x 

then -—=^A-\ (x—a). 

Put aj— a=0, then 

A ff* 

But Yx =<l>x+{x- a)4>'x, 

and therefore F'a = 0a, 

so that A = ^, ' 

Fa 
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aj*"-' 



Eocample 2. To integrate — ;; — = ; if x^a denotes a 

factor of the denominator cc"— 1, then a = l, or by De 
Moivre's Theorem, 

2r7r , . . 2r7r 

a=eos h'2'Sm , 

71 n 

and r has the values 1, —1, 2, —2, .... 



»"— 1 a?— 1 x — a' 
here fa = a*"-', Fa = a" - 1 , F'a = Tia""^ ; 

1 a"*~^ 1 
so that Ar= ;^r = -«*" (since a" = l) 

1/ 2mr7r . . . 2mr7r\ 

= -lcos h^sin 1 

n\ n n / 

by De Moivre's Theorem ; also 



Therefore 



A = l 

n 



= -log(aj-l) 



+ - 2| cos h ^ sm 1 log ( a; — cos ^ sin — 1. 

To express this result in a real form, the partial 
fractions with numerators A^ and -4_„ corresponding to 
conjugate imaginary n^ roots of unity must be combined 
into a real form as follows : 

Ar . A_r 



2rTr . . 2nr 2rx . . . 2r7r 

aj — cos 2/Sin — a;— cos hism — 

n n n n 

E 
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o 9 2rTr 

2mrx ?i 

= — cos 



ar — 2a:co8 hi 

n 

. 2r^ 

2 . 2mr'7r ti 

— sin 



ic^ — 2a; cos — ^ + 1 
n 

and the corresponding integrals are 

1 2mr'7r, / o « 2rTr 



n 



cos log la?— 2a-cos — ^ + 1 1 



2r7r 
— sm tan 



n n . 2r7r 

sin 

40. In general, when Fa; has a pair of conjugate 
imaginary factors, a?— o— i)8 and x^a+ifi, combining 
into a real quadratic product (x — af+^, it is usual 
to assume a corresponding partial fraction of the form 

Px+Q 

obtained by combining the partial fractions 

A+iB , A-iB 
and 



x — a — i^ x — a + ifi' 

Then fo_ Px+Q R 

suppose; or 

{x = (Px+Q)4>x+R{(x-af+fi^}. 

To determine P and Q, put (x—af+^=0; this gives 
imaginary values to x, namely, a+ift and o— i/S; but 
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by continually substituting iax^a?—^ for oj^, £c can be 
reduced to the form Lx+My and {Px+Q)<l>x to the form 
Lx+M' \ and then L=L, M=M\ whence P and Q are 
determined. 

Example 3. To integrate 4 ; here the denominator 

^^+1 splits up into two quadratic factors a^+a;;^2+l 
and a?—x^t+\; therefore assume 

1 Px+Q Bx+8 . 

a!*+l a?+x^2 + l'^a?-x^'2 + l ' 

then 

l = (Fx+Q)(x^-x^2+l)+(Bx+S)(x^+x^2 + l). 

Put iB2+a;^2+l = 0, or a;*= -3:^2-1; then 

l = (Pa!+Q)(-2V2) 

= -2Pic2V2-2Qa;V2 

= 2P^2(x^2 + 1) - 2Qa; V2 

=(4P-2QV2)a'+2PV2. 
of the form Lx+M, and therefore 

4P-2QV2 = 0, 2PV2 = 1, 

or P=W2, Q=J- 

Again, put a?— a;^2+l = ; then 

l = {Rx+S)2xj2 

= 2Rj2{xj2 - 1) + 25V2 ; 

and therefore 

45+25^2 = 0, 2RJ2 = - 1 ; 

or P= -1^2,-8=1. 
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Therefore I . . ., 

+ i V2 tanrXa; V2 + 1) + hj^ tan-'Cx ^2 - 1) 

« 

41. When Faj has a factor x — h repeated p times, so 
that Faj = (cc - 6)"^^;, 
we must assume 

and then 

Now put x — h = yy so that aj = 6 + 2/> ^^^^ 

so that £p, jBp_i, ..., i?i are the coefficients of y^, y^, ..., y^^^, 
in the expansion of -tttj^s ^^ ascending powers of y. 
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Example 4. To integrate ) YZy\6* suppose it resolved 
into the partial fractions 



-3 



Then B^+B^y+B^y^ are the first three terms in the 
expansion of 

so that £3=1, £,=l B^ = l 

Again G^+C^y+Gjj^ axe the first three terms in the 
«xpansion of 

(10+^=. -i(l-2/+ J2/T(l-l2/) 

= -h+ly-ly^'-- 

aothat C;=-^, 02=i 01= -i 

^ *1 1 
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Any integral of the form 

^ G+D(a+bxy 

where A, B, (7, 2) are rational integral functions of oj, can 
be made to depend on the integration of a rational frac- 
tion by the aubatitntion of 

a+hx^y*". 

Then bdx = ry''~\ly, 

and the integral 

which is integrated by the preceding rules. 

Examples. — Integrate with respect to x : 
__ar' 1 X a? x^ 1 

ic2-l' af-1' ^+T x'^^l' ^-5^2+ 8a; -4' ¥^V 

X o^__ a? a^—x+2 1 a? 

x^+V x*+l' x^+1' X''- 0x^+4!' a;' +3x2 +2' (i_a.)2'- 

f_ Ax+B / X , _ V 1 ^ 1 

1 / i.a;— a_ N 1 

(x - o)-(x - 6)» \P" a; -"6 ~ ^Z ' (x+ 1 ) VC^ +2)' 

42. Integration of circular and hyperbolic ftvnctionSr 
To integrate powers and products of sin x and cosic, the 
most general plan is to convert them into sines and 
cosines of multiples of x, which are immediately in- 
tegrable. 
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Thus 
ysin^ xdx =/l{ I — cos 2x)dx = |x — J sin 2x ; 
J^QGs? xdx =yKl + ^os 2a?)cfe = |ic + J sin 2x ; 
ycos maj cos -yiajdla; =f{\ cos (m — 7i):k + \ cos (m + n)x\dx 

__ - SI n (m — 7i)a; J si n (m + 7i)iz; 

and similarly forysin Tfix sin -naJcZo? and /"sin 7naj cos nxdx^ 

To integrate sin*aj cos***"^^a? and sin*"+^ir cos*a:, where n 
is an integer, write them in the form 

sin*ic(l — sin^ic)** cos x and cos*a!;(l — cos2ic)"sin q?, 
and expand ; then each term is immediately integrable 

sin^'oj cos xdx = -:, (§ 38), 

J /* « • 7 COS**"'"^^? 

and / cos"*a; sm xdx = —r . 

m+1 

The same processes apply for sinh x and cosh x. 

By (V) 

/X'sin X 
i2inxdx = / dx= — logcosaj = loffseci»; 
^ cos a; ° ° 

/"cot xdx = / — — dx = log sin x ; 
/ y sina? * ' 

ytanh cccZa; = log cosh x ; ycoth xdx = log sinh x. 

To integrate sec a? and cosec a;, make use of the su6- 
stitviion taniaj=;5: then aj=2tan"^0, cZic =—-—„; also 

^ > 1+02' 

20 1-^2 

8ma;=r— — «» cosa; = :p- — n. 

1+0* 1+0^ 
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Then 










/sec 


ocdx 




2dz 

1+2" 








_ ridz _ 


n 1 o.- 


1 



^1 — Z 

, l+tania; 

= logT-^L — r- 
° 1 — tan^a; 

= logtan(j7r + iaj), 

or =2 tanh'^tan ^x = tanh"^sin x= — cosh"^sec x. 

And, y cosecccaa;= / — ^ =- 



=/ 



+ 02 

— = log z = k)or tan iaj = — cosh"^cosec x. 

2j o o - 



Similarly, to integrate sech x and cosech x, let tanh la? = z, 

j^. ■, 2dz . . , 2z , 1+^2 
then dx=^ — -s, and sinnaj = q ^, cosnic=- s. 

Then 
/"sech a%fec = 2 tan~^ tanh ^x = tan""^sinh x = cos"^sech x, 

/cosech xdx = log tanh \x=— sinh"^cosech x. 

The same substitution of z for tan Ja? or tanh \x will 

cZa; r dx 



reduce / — ^^ ; -. — or /— 

^ a + bcosx+csmx Ja 



+ h cosh aj+c sinh x 



to integrals of rational fractions; the different results 
will be found by reference to examples 85-89, page 57. 
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Examples. — Integrate with respect to x : 

1. cos ma;, sin (mx+n), sin2xeosSa;, cos So? cos oo^, 
flin 3a? sin ox, sin (mx + n) cos (jpx + q), sin x sin 2x sin 3^, 
sin aj cos a?, sin^ajcosa;, sin^ajcosa?, sin"*a; cos aj, sinajcos^a^, 
fiinajcos^a?, sin a? cos"*a;, sin^aj, sin^a?, sin^a?, cos^aj, cos'ar, 
cos*aj ; also the same functions with sinh x for sin x and 
cosh X for cos x. 

2. tanajsec^a?, tan^ajsec^aj, • tan'^a? sec^a;, cot a; cosec^a:, 
cot^aj cosec^a?, cot"*a; cosec^a?, tan x, cot x, tan^a;, tan^a?, tan^a*, 
cot^a;, cot^a;, cot^a;, sec x tan x, sec^x tan x, sec'^x tan x, 
cosec^ajcota;, sec^aj, sec*a;, sec^aj, cosec^aj, secaj, sec^a;, secV, 
cosec^'a?, sec x cosec x, vers x, vers^a; ; also the corresponding 
hyperbolic functions of x, 

43. JExatnples of integration by means of exponential, 
logarithTnic, and inverse circular and hyperbolic 
fiinctioTis, using formulae (i) to (q) and (v) to (z) of § 37. 

Integrate with respect to x : 
A ax^h ^ ^ 2a; + 3 (a;-l) (a;-2) Ax+B 2a;+l 

-^e > J- > > zr-f ^r 9 y „ - , , 7 

ox x—a x — l x — S mx+n x^+x+l 

aj"~^ , cos a; f'aj 1 ., . 1 1 1 

a + bx"" a+b sin a?' a + 6faj' x^ '° ^ ' ^(log aj)"* x log x 1+ e'' 

111 

^^ ^^ acos^aj+fesinV a+6tana;' ^{ct*' — (aj— c)^}' 

1 1 Px+Q 



J\{x-cy+a;'y J{{c-xy-o;']' J\ax'+2bx+c)' 

1 1^ 1^ 2+a; Px+Q 

a2+(aj-c)2' a^-(aj-c)'' x^-x+V l+a;+aj2' ax^+2bx+c 

2 X -}__ 1 1 

3-+4^ ^(x^+aKx^+b^y ^^^f ^^^^f (ax^+br': 
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44. The Integral Calculus was invented for the pur- 
pose of finding areas, or for quadrature, as it was- 
called, and the meaning of Integration is best illustrated 
by its application to finding the area of a curve. 

Let y = fx (fig. 9) be the equation of a curve CPQ; 
then if OM=x, MP = fx. 

Let the area AMPG between the curve and the axis 
of oj bounded by an initial ordinate AG and the variable 
ordinate MP be denoted by A ; keeping AG fixed and 
varying MP, A is some function of x, which it is required 
to determine. 

Fig.9. 




Let the ordinate MP be moved into the adjacent 
position NQy by giving x the increment Ax ; and let A A 
be the corresponding increment of A, and Aj/ of y. 

Then MN= ^x, J\^Q = ?/ + A^/ ; and the area MNQP = AA. 

But MNQP lies between the rectangles PN and Jf Q, 
and therefore AA lies between ^/Aic and (2/+A2/)Aa;; or, 

~ — lies between y and y+^y. 

Proceeding to the limit by making Ax, and therefore 

Ay and AA indefinitely small, 

cZA ,,AA « 
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Therefore A =Jydx + a constant 

=Jixdx + constant ; 

so that to determine A we must integrate £c. 

45. According to the Doctrine of Fluxions, the old- 
fashioned name of the Calculus, the area AMPC, called 
the fluent, is supposed to be generated by the flow of the 
variable ordinate MP', and the rate of increase of the 
area, called Ms fluxion, is equal to the ordinate MP into 
the fluxion of x ; or, with our notation, 

(Ik. ^ dx 
~dt^y~dt 



^^ -7- = 2/^ 



dL 
dx 



so that A ^Jydx, 

Similarly, any solid may be supposed generated by 

the motion of a variable plane area perpendicularly to 

dY dx 
itself; and then -r,- = A -rr, if Fdenotes the volume, A the 

dt dt 

variable plane area, and -r- the velocity of the plane per- 
pendicular to itself. 

For instance, if the volume V is bounded by the 
surface formed hy the revolution of the curve y = ix 
round the axis of x, then the fluent Fmay be supposed 
generated by the motion of an expanding (or contracting) 
cii*cle of radius y, and therefore 

dV '/• 

~dx ^ '^^' ^^ ^^ Tr/y^dx. 
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46. Denoting the indefinite integral /foJcZa; by f^cc, then 

in order that A should vanish when aj = a, supposing 
Oil = a. 

This is expressed in the notation of the Integral 
Calculus by 

lixdx^ or simply /ixdx = i^x-'{^a. 



a 



<i being called the lower limit, and the integral is then 
called a corrected integral. 

47. Sometimes the fixed ordinate is taken to the right 
of the variable ordinate MP, at BD suppose, where 
OB=b; and then the area MB DP is expressed by 

/iicdx, or simply /fxdx=ffi'-f^x, 

X 

and b is called the upper limit. 

Thus, when corrected integrals, in § 37, 



/ 



x*^dx = 



a 






x^dx = 



m+1 



m+1 
cosxdx = smx. 





/sin xdx = 1 — cos x = vers x. 






sin xdx = COB X, 



6ec^ocdx = iajix. 



INTEGRATION. 77 



/ 

J a 




/ 



cosec^icc?a; = cotaj. 
dx _ . .jO? 

-„ = tan~ - 






QO 

-o- — o=COt --. 

ic^ + a-^ a 



a'dx = 



locfa' 



'O 



dx T aj 
X °a 



As an exercise, correct the remaining fundamental 
integrals of § 37 so that no constant shall be required. 

48. Another geometrical interpretation of integration 
is here given, adapted from Newton's Lemma IL, 
Principia, Lib. L, § 1. 

Let the area ABDC (fig. 10) bounded by the curve 
y = fx, the axis of x and the initial and final ordinates 
AG and BD, be divided into a large number of narrow 
strips like PMNQ by equidistant ordinates at a distance 
Ax, 

Then the difierence between the external rectanofle 
MQ and the internal rectangle PN is the rectangle FQ 
or pq ; and therefore the difference between the sum of 
all the external rectangles and the sum of all the internal 
rectangles so described is the rectangle DE; also the 
area ABDC is intermediate to the sum of the external 
and the sum of the internal rectangles. 
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Now in the limit when the breadth Aa? of the rec- 
tangles is indefinitely diminished and their number 
proportionately increased, the rectangle DE vanishes. 



FIg.lO. 




and therefore the sum of all the external and the sum 
of all the internal rectangles each become equal to the 
area ABDG, 

If OM=x, MP=y, then the rectangle NP=yAx; and 
denoting the sum of all the internal rectangles by ^yAx, 



x=zb 



then the area ABDC—lt^yAx, 

x = a 

=y ydx = / txclx, 



a 



replacing 2 byy^and Ax by dx in the limit, and supposing 
0^=a, 05=6. 

49. Denoting the indefinite integral fixdx by f^a;, theu 



/' 



ixdx = fjft — fjcc 

and is called a definite integral ; a being called the lower 
and b the upper limit. 

The term definite integral is however regained par 
excellence for integrals which can only be evaluated 
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between certain definite limits, and of which the indefinite 
integrals cannot be found. 
Thus it can be proved that 



/"sin ffix 1 1 
ax=iTr; 
X 



but the indefinite inteo^rals 

cannot be expressed by means of the algebraical, circular 
or hyperbolic functions we employ. 

Eocamples, — Find the definite integrals : 

y*6 /*i^ /*i^ /*!«• /'Jt 

af'dx, /sinxdx, /cosxdx, /tanajcir, / cot xcJx, 

a \7r 

secajcZic, /coseca%j!a?, / Av^xdx^ /sm^ocdXy 

\V 

ys+x^ Ja + bcosx ^ ^ 

1 

50. We see that 

/fa?c?a; = fia— fi6= -yfxdx, 

b a 

SO that an interchange of limits changes the sign of the 
definite integral. 

Considerations of symmetry and periodicity of the 
function fx to be integrated are often useful. 

Thus if fx is an even function of x, so that f(--a;) = faj, 

fxdx==2j{scdx; 
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but if ix is an odd functioD, so that f(— «?)= —fa?, thea 

ixdx = 0. 



>' 



-a 



but y cos'"+'a;c?aj = 0. 





- Jtt 

sin^'+'icda; = 0; 
and y sin'"+'a!(7^ = 2/ sin '"+'iCcZaj, 



y COS 



Again, if tx is a periodic function of period l, so that 
f{x+nl) = tx, where n is an integer, then 

fxdx = n/fxdx. 

It is advisable, in integration, to make use of these 
considerations in order to keep the limits of integration as 
close together as possible. 

51. Application of the Integral Calculus to the quad- 
rature of the parabola y^ = px (fig. 11). 

The area OMP 

—fydx =p^J^x^dx 







= § rectangle OMPN. 
Similarly, the area ONP 







= \ rectangle OMFN. 
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52. The centre of gravity, or, as it is now called, the 
centrcdd G of the area OMP, where OP is any curve, can 
be determined by integration as follows : denoting the 
co-ordinates of the centroid G by x, y, then the moment 
of the whole area collected at G about the axes is equal 



Fig.ll. 




to the sum of the moments of the separate elements, such 
as mq, which may be supposed to have its centroid 
ultimately at g, the middle point of mp. 
Therefore 

/ocydx _ f\y^dx 



x = ^ 



/ydx /yd 



X 



It must be noticed in these integrals, as in all corrected 
integrals, that under the sign of integration x, y must 
be supposed to denote the co-ordinates Om^ im/p of any 
intermediate point p of the curve 0P\ but that when 
the integration is performed, then cc, y represent OM, 
MP the co-ordinates of P, the variable upper limit of 

F 
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the integration ; this will not however be found to create 
confusion. 

Generally, for the centfoid G of the area ABDC 
(fig. 10) 

/ xydx / ^y^dx 



ydx / ydx 



53. For the parabolic area OMP 






Jx^dx fa;^ 





^=V.w.=&=^^*^=^^^- 



For the centroid of the area OA'P, taking y as the 
independent variable, 






-^ -^ 

/icydy /yHy 



' Eocamples, — (1) Prove that if the equation of the curve 

OP (fig. 11) is 2/"=»«-*"a;"', the area OMP is -^^, and the 
\-& fax- m+n 
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co-ordinates of its centroid are — r-Tr-Xy -. — t-etV 5 ^^^ 

that the area ONP is — —, and the co-ordinates of its 

, ., 7Yh+n m+n 

centroid are ^ — 7- a x, ^ — ; — 2/- 

(2) Prove that the area between the parabolas y^ =px 
and a? = qy is \pq, and the co-ordinates of its centroid 

(3) Prove that the area between 2/"=aj"' and 3/"*= a?" 
is — ; — , and that the co-ordinates of its centroid are 

- _~_ {m+7if 

54. The quadrature of the circle and ellipse. 

In the circle (fig. 12), 

x^+y^ = a^y 

or y = s/{<^^-^^)\ 

and therefore the area 

OMPB=J^^(q?--x^)dx (i.); 


and the area 

PMA=J^^{a^-x^)dx (ii.). 

X 

To find the first integral (i.), 

put oj = tt sin 0, then the angle BOP = <p ; 

and y = V(a^ —x^) = a cos </>, 

dx=acoQ<pdip. 
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Therefore the area OMPB 



= Jay{l+cos2^)d0 



= Ja^^ + Ja^sin cos <p 

of which the triangle OMP = lahm<p cos </>, and the 
sector OPB = |a*0. 

Fig.l2. ;' 




Expressed in terms of x, the area OMPB 



= Ja^sin"^- + \x^{a? — ic^^. 

To find the second integral (ii.), 
put x=a cos 6, then the angle A OP = 6 ; 

and 3/ = G& sin 0, 

dx=z —a sin 6d6. 
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Therefore the area PMA 

= -JaHm^ede 

e 

'6 



= ^ay{l-'C0B2e)dd 



= ^a^d — Ja^ sin 6 cos ; 

the difference between the sector 0AP=^a^9, and the 
triangle OMP = ^a^sin cos 6, 

Expressed in terras of Xy the area PMA 

= ia^cos"^ — \x^{a^ — a?). 
Therefore the area of the quadrant OAB 

fj{a? — a?')dx = jTra^ ; 



=/^ 



and the area of the whole circle is -n-a^ 
For the centroid of the area OMPB 




For the centroid of the area PMA : 

_ JxJ(p?'-x^)dx __ \((i^^o^f 
'"' fj{a^^x^)dx ""areaPil/^' 
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Therefore, for the quadrant OAB, 



_ _ 4a 

If we take A as the origin and AM=x, MP=y; then 
y=^(2aa;— a?) ; and the area AMP=y\y(2ax^a?)dx; 



which is reduced to the above by putting a; = a vers d 
= 2a sin^ J0, and then AOP = e. 



Fig.i3. 




55. The equation of the ellipse (fig. 13) is 
or y^-y/ia^-x^); 

0/ 
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and therefore the area of a part of the ellipse is - of the 

corresponding part of the auxiliary circle cut off by the 
same ordinate, Q being the excentric angle, and the 
complementary excentric angle. 

Thus the sector OAF of the ellipse = ^60, and the ' 
sector OPB=^ab<l>, the quadrant of the ellipse OAB being 
= ^TTdb ; also the triangle 

OMP = lab sin 6 cos 6 = Ja& sin </> cos 0. 




Fig. 14. 



56. The quadrature of the hyperbola and its conjugate. 
In the rectangular hyperbola (fig. 14) 

or y=V(«^-«^); 

and therefore the area AMP 

=/s/(ix?^a^)dx. 
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To find this integral by the hyperbolic functions, put 

aj=acoshu, 
then 2/ = asinhtt, 

and dx-=a%vDihudu. 

Therefore the area AMP 

=Ja%in!b?udu 



= ^a^(cosh 2u— l)d!tt 

= ^aW sinh 2tt — u) 

= Ja^inh u cosh u — ^a^u, 

of which the triangle 01fP = Ja^sinhucoshu, and there- 
fore the sector OAP=^\a?u (§ 30). 

Expressed in terms of aj, the area AMP 

a 

— h^y/io^ — «*) — Ja*cosh"'- 

To find the integral by the circular functions, put 
x^^a&ecdf then 2/=a tan 0, and the angle AOQ = d, 
Then the area AMP 

= ay tan^e sec ddO, 



= Ja^sec 6 tan 6 — ^a^log (sec 6 + tan 0) 

CI' 

as before. 
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If we take A as the origin, and put AM=x, then 

MP=y=J(2ax+x% 
and the area A MP =y,^{2ax + a?) dxy 



which is reduced by putting 

a; = 2a sinh^Ji^, 2a+x=2a cosh^iu ; 
then y = (i sinh u, 

and dx = 2a sinh ^u cosh ^udw , 

= a sinh udu ; 
so that the area 

-4 JIf P = a Vsinh^itdu 

as before. 

57. In the conjugate rectangular hyperbola (fig. 15), 

or y = s/(P^+^)' 

Then the area OMPB 



which is reduced to a?jQO^lD?vdv by putting a; = a sinh v, 



y=acosht;, and then the sector OBP=\ah)\ or the 
integral is reduced to a^J^Q(!?<l>d<j> by putting a; = atan0, 



2/=a8ec^, and then the angle BOQ = <f>, 
Therefore the area OMPB 
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and its centroid is given by 



x^' 



y=^' 







sxeaOMPB 



/s/iP'^ + ^)^^ area OMPB 




Fig.i5 
58. The corresponding properties of the hyperbola 

and of its conjugate hyperbola, 



y 



2 



62 a2 ^' 



are obtained immediately by projecting the preceding 
figures orthogonally on a plane parallel to Ox ; and then 
the co-ordinates of any point P on the hyperbola are 

x=a cosh u,y = b sinh u, 
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where the sectorial area OAP (fig. 14) 



= la}m = \ah \og\^ + |j ; 



or we may puta;=asecO, 2/ = 6tanO. 

The co-ordinates of any point P on the conjugate 
hyperbola are a; = a sinh v, y = b cosh v, 
where the sectorial area OBP (fig. 15) 

= Jaiw=Ja61og(?+|j; 
or we may put x=a tan <p,y = b sec </>. 

69. Any integral of the form /—r- — ^—^ — -— r can be 

reduced by means of one of the above substitutions in 
connection with the ellipse, the hyperbola or its conjugate^ 
according to the form of the conic section 

y = s/(P^ + 2?aj + r), 

UxaTnples. — Draw the following curves, and denoting 

the upper half of the area to the right of the axis of j^^ 

by A and the co-ordinates of its centroid by x, y, prove 
that 

4 _ 4 _ 5 
(i.) In ay^=ax^-x^, A- j^a^x = ^a,y=^a; f 

(ii.) InaV=aa?-a;*, J=^, ^=ga,^ = ^; 

(iii.) In xy^ = a^ — a^x, A = ^ira^, x = \a, y = oo ; 
(iv.) In a?y^=x\a?—x^), A = Ja^, x=^^a, y = \a. 
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60. Quadrature with Polar Co-ordinates. 

Let r = f0 be the polar equation of a curve BPQ (fig. 
16), then i{xOP=e, OP=r={e. 

Let the sectorial area OBP enclosed by the curve BP, 
an initial vector OB, and the variable vector OP be 
denoted by A. 

If AA and Ar denote the increments of A and r corre- 




sponding to the increment A0 of 6, then if P0Q = A6, 
xOQ = d+Ad. OQ = r+ Ar=f(0+A0), and the area 
OPQ = AA, 

Drawing the circular arcs Pq, Qp, with centre 0, the 
sectorial area OPQ is seen to be intermediate to the 
circular sectors OPq and OpQ ; or Ail lies between ^r^AO 
and J(r-|-Ar)^A0, since the circular sector 0Pq=^r^A6, 
and the circular sector OpQ = ^{r+AryA6'y and therefore 

AA 

-^ lies between ^i^ and ^{r+Ar)^, 

Proceeding to the limit, by making A6 indefinitely small, 

'~-ir^ 



Therefore A = \pdQ = Uimfde, 

a a 
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if the angle xOB = a. the formula to be employed in find- 
ing areas with polar co-ordinates. 

Also if ac, y denote the co-ordinates of the centroid of 
the area OBP, then since g the centroid of the element 
OPQ is ultimately in OP at a distance fr from 0, because 
OPQ may be considered ultimately a triangle, therefore 

y|r COS d^7^de ^/r^ cos OdO 






Ar^dd A 



/^raine^r^dO ^/i' Bin Odd 



— ct __ a 

^"" ArHO A ' 

^where r={6. 

Examples, — (1) Find the area of a circle when its 
equation is given in the form 

r= 2a cos 6, 
Here A = ^/^dO = 2a^/los^ede 

= a2/(l+cos 2e)dd=7ra^ 

(2) Find the area and centroid of a loop of the curve 
r=a cos 20. 

Ariswer: A=i7ra\ x= ^^y a. 

(3) Find the area of a loop of the curve 

r = a cos 710 -h fc sin 710. 

Answer : A=—(a^ + W). 
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(4) Find the area and centroid of a loop of the curve 
r^ = a^cos20. 

Answer : A = Ja^, x = J'7ra,y/2. 

« 

(5) Find the area and centroid of r = a(l+cos 6). 
Answer : A = iira^ x=ia. 

(6) Find the centroid of a sector OAP of a circle (fig. 
12) of radius a. 

/^a cos e^a^de . 



/ia sin O^aHd - ^ 

- -i o 1— COS0 

y — TPw — ^'-^- 



Similarly for the centroid of a sector OAP of an ellipse 
(fig. 13). 

- « 8in0 - „,1 — COS0 
a; = fa-g— , 3/ = §6 ^- , 

where is the excentric angle of the point P on the 
ellipse. 

(7) Find the centroid of a sector OA P of a hyperbola 
(fig. 14). 

Here A = ^abu, dA = ^abdu, 

fidcoshu^abdu . , 

- •{ ^ ^ o smhu 

f\ahdu ^ u 



/fa sinh uiabdu . 

- -J o,coshu — 1 
2/=2 = §6 . 

J^abdu u 
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61. Rectification of Curves, 

The formulae of the Differential Calculus 

dt^'' dt^'^ dt^ ^^ ^' 

dt^^'dV''^ dt^ ^^ ^' 
l)ecome in the Integral Calculus 

/* / /d7^ 7^d6^\ 

or s=/J{da?+dy% 

s^/Jidr'+T^de^ 
leaving the independent variable arbitrary. 

Also if X, y are the co-ordinates of the centroid or 
centre of mass of a material curve or wire, of density 
<r per unit of length, 

Jcrxda _ Jcryda 
Ja-ds Ja-ds ' 

Examples. — Rectify the following curves — ^that is, find 
s in terms of x or y, or in polar co-ordinates in terms of 
or r. It is supposed that 8 is measured from the point 
where 05=0, or 6 = 0. 

(1) The semi-cubical parabola 9ay^ = 4!(x^. 

8= fj(\+-\dx 



-M-'} 
=?«{('<)'- 



ii 



i- 
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(2) To find when a curve whose equation is of the 
form i/ = fl5'' is rectifiable. 

Here s =A/(1 + ^a;''"")^. 

2i+l 2i 

which is integrable when r is of the form , , or .^ 

where i is any integer. 

For, consider the more general integral, 



TYl . 



this integral is rationalized when — is an integer by- 
means of the substitution a+bx^'^s^, and when — h — 

n q 

is an integer by the substitution a+bx''=x"2^, 

9 9 9 12 

(3) In X +y =a , prove that s=fa x . 

X X 

(4) In the catenary y = a cosh - , 8 = a sinh -. 

(5) In the tractrix (ex. 92, p. 58) prove that s=alog— . 

X 

(6) Prove that in the curve y = a log sec - (ex. 90, p. 57) 

1 S X X J 8 

cosh-=sec-, or -=ga . 
a a a ^ a 

(7) With polar co-ordinates, prove that in the curve 
r=acos0, s=a0. 

(8) In r = a(l +cos 6) (the cardioid)^ 8 = 4a sin J ft 

2a 
^^^ ^^ ^ = l + cos0 ^*^® parabola), 

5 = a sec ^9 tan ^O+a log (sec ^0 + tan J0). 
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62. In the parabola 'j^^^lx, taking y as the indepen- 
dent variable, 




Again, in the curve r=l6 (the spiral of Ardii/medes), 
taking r as the independent variable 






W 





= irv(l+^ + J«8inh-^j:, 

the same function of r as in the parabola 8 is of y. 

Consequently a cylinder whose cross section is the 




curve T=:10, loaded so that the centre of gravity is at the 
pole M, can be placed on the parabola y^=2lx with axis 

G 
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horizontal as in fig. 17, so as always to rest in neutral 
equilibrium ; and if(?, the subnormal y-~~ of the parabola^ 

and the polar Bubnormal g of the spiral are each I. 

Ekca/mplea. — (1) Work out the corresponding problem 

for the ellipse -5+79 = 1> ^^^ the curve r=6cos-0. 

^ or b^ a 

(2) Also for the eocponential or logariihmic curve 

X 

y = be^ and the hyperbolic spiral r6 = c. 

(3) Also for the trochoid, a curve traced by a point at 
a distance b from the centre of a circle of radius a which 
rolls on a straight line, and the limagon r = a+bcos 6. 

(4) Also for the catenary y = a cosh - and a straight line. 

(5) Also for a straight line inclined at an angle a 
to the horizon, and the eqtdangular or logarithmic 
spiral r = ae^^^\ 

(6) Also for the curve y=a( l+ecosv), and an ellipse 
with centre of gravity at a focus. 

63. To find the volume and surface of a solid of revolu- 
tion. 

It has already been shown (§ 45) that if the volume 
V is contained by the surface made by the revolution of 
the curve y=fx round the axis of x and by planes per- 
pendicular to the axis, then 

and V= irfy^dx = TrJ{fx)^dx, 
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Also if X is the abscissa of the centroid of the solid F, 
the centroid being in the axis of revolution, 

ir/xy^dx /x{{xfdx 



x= 



ir/yHx fiS-xfdjx . 



Again, if S denotes the surface generated by the revolu- 
tion of the curve y — ix^ then the fluent 8 may be sup- 
posed generated by the motion of an expanding circum- 
ference of radius y, and therefore 

dS ^ da dS c. da 

Therefore S = ^irfy-^-dx = Inr/yda, 
and for the centroid of the surface 

64». Application to the Sphere, Spheroid, Paraboloid, 
and Cone. 

(i.) In the sphere, generated by the revolution of a 
circle (fig. 18) round the axis of aj, 

y^=ia^^o[?, 
and therefore 



V= irfis^ — x^)dx = Tr{a^x — \(x^), 



1 



X' = 



'7rf{a?x-^a^)dx _ « „ _ , >-^ " "^ 
Trf{a^-x^)dx a^x-^x^' 
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Again, since 



For a hemisphere, therefore, 

F=§'7^a^ and S = |a. 

ds _^a 
dx y 

S = 2'7r/v -dx = 2Trax, 

y 

/xdx o 




Fig. 18. 

(ii.) In the spJteroid, generated by the revolution of 
an ellipse round the axis of x, 



2»«=^*(a«-a^) ; 



and therefore 



h^ 



r=x-o(a«a;-Ja^) = xo6« 



a 






and for the hemispheroid, 
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If the spheroid is prolate, like a lemon, a is greater 
than h ; if oblate, like an orange, a is less than h, 

(iii.) In the paraboloid, generated by the revolution 
of the parabola y^ = 2lx, 

V= Try^Ucdx = Trla? = ^xy^ 



= ^ volume of the circumscribing cylinder ; 
and cc = fic. 

Also 8=27r/y^dy 

(iv.) In the cone, generated by the revolution of the 
straight line y = xtaxia, where a is the semi- vertical 
ajigle of the cone, 

V= ir/h^tAn^adx = J7ra;^tan^a = i^rxy^ 



= J volume of the circumscribing cylinder ; 
and X = fa;. 

Also S = ^ir/y cosec ady = Try^cosec a ; 



and for the centroid of the surface 8, 

X=z^X. 
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(So. Theorems of Pappus (or Ouldin). 

Theorem I. — The volume F generated by the revolution 
of a closed plane curve of area A about an axis in its 
plane is equal to the volume of a cylinder of base A, and 
height equal to the circumference of the circle described 
by the centroid of the area A. 

First consider the volume generated by the revolution 
of the area ABDG in fig. 10 ; then 

and yK^^Jy^dx, 

if A denotes the area of ABDG and y the ordinate of 
0, the centroid of the area. 

Therefore F= 2TryA, which proves the theorem. 

More generally, if A denotes the area of any closed 
plane curve not intersected by the axis of x, and if 
y denotes the ordinate of its centroid, then supposing the 
area A to be cut up into elementary strips by straight 
lines parallel to the axis of x, the length of a strip at a 
distance y from the axis of x will be some function 
<p{y) of 2/ ; and 

^ =/<piy)<iyy y^ =/y^(y)^y ; 

and V= 27r/y^{y)dy ; 

so that F= 2TryA, as before. 

Theorem II. — The surface 8 generated by the revolu- 
tion of a plane curve of length 8 about an axis in its 
plane is equal to a rectangle of base 8 and height equal 
to the circumference of the circle described by the 
centroid of the arc s. 
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For if y denotes the ordinate of the centroid of the 
arc CD (fig. 10), ys=fyds\ 

also /S=27r/yd8, 

so that S=2'7r3^«, 

which proves the theorem. 

Examples, — (1) Prove that in the figure called the 
anchor ring, made by the revolution of a circle (of 
radius c) about an axis in the plane of the circle (at a 
distance a from the centre), 

F=27r2ac2, S=47r2ac. 

(2) Prove that the volume of a paracolic spiindle made 
by the revolution of a parabola about an ordinate is 
^V of the volume of the circumscribing cylinder. 

(3) Determine by Pappus's Theorems the centroid of 
the area and of the arc of a semicircle, knowing the 
volume and surface of a sphere. 

(4) Determine the volumes and surfaces generated by 
the revolution about the co-ordinate axes of the curves 
in the examples of §§ 59, 60, and 61. 

66. Integration by Parts. 

Corresponding to the formula in the Difierential 
Calculus for the differentiation of a product (§ 34), 

duv du . dv 



dx dx dx 
we have, integrating both sides, 

/Su , . rdVj 

uv = / -j-vdx +IVr-T-dXy 

y^dv , rdu J 

u^-dx — wv— I -J-vdx: 
dx J dx 
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or, as it may be written, 

Judv = uv —Jvdu, 

the formula of the Integral Calculus, for vntegration by 
jHirtSf as it is called. 

The formula shows how Judv is made to depend upon 
JvdUy which is either integrable, or made to depend upon 
another integral, by another application of the method of 
integration by parts. 

Thus to integrate 

(i.) ice*, suppose aj=u, -j- =6*, then v—(^ and 

ft ^) 

(ii) logoj, suppose log a; = tt, -^ = 1, then v=flj, 

yfdx 
logxdx^xlogx — ix — = a; log a;— a;. 



Similarly /xr\ogxdx= — —^ 



X aj"*^^ 



{m+iy 



(iii.) sin^aj, first put ^x = Zj then 
JkiMfJxdx = ifz sin zdz 

= -2^cos«+2/co8zd0 

= —20 COS 0+2 sin 2? 

= — 2,^/a;coS;^a;+2sin^aj. 

(iv.) To integrate cos 'mx cosh nx\ here cos fnjx or 
cosh nx may be taken indiscriminately for w, and we 
must integrate by parts twice. 
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For iiistance. if cos mac = u,v=-~ sinh nx. 

n 

yl Tfl /* 

coamxcoshnocdx= -cosmajsinhTucH — /sinmicsinh wucfcc 
n 7h/ 

= -cos mx sinh tioj + -ssinmajcoshTWc « /cosmoccoshnocdx , 



Therefore 

y, , m sin ma? cosh tioj+n cos ma? sinh tiic 



F I 

cos 77iic cosh Tvocdx = 






Similarly 

. , , ti sin ma; cosh 7iaj—m cos maj sinh tiiT 
sm wioj sinh nxax = «- — 5 , 

-n. cos mx cosh tia? + m sin ma? sinh ^lic 
— Tyicosmajcoshtia^+'n.sinTwajsinhna? 



cos 7nx sinh no^a? = 



sin Tftx cosh riajdte = 



m^+7i^ 



, /V ^ ..m sin ma? +71 cos ma; 
and /«"*cos m^axfa; = e"* «- — s , 

^ . , ^71 sin maj—m cosmic 
e"*sin m^coaj = e"* 



f^ 



m^+n^ 



Examples. — Integrate by parts : 

a?e', x^eT, ic*^+*, aj"*loga;", Gogaj)^ (logaj)*, cosajJ, sina;*, 
a^cosic, a;*sin x, c*"+*cos(ma3 + ti), 6"*+ *sin(m^ + n), ^Jia? — oc^), 
^{a? - a?), s/{p?+x% (a2 -aj2)T x^J{o?+x^), sin-^a;,cos"^a;, 
tan'^ar, cot'^a;, sec'^a?, vers'^a:, sinh"^aj, cosh"^a;, tanh'^a;, 
sech'^a;, (sin'^aj)^ (vers'^aj)^, (sinh'*a;)2, (cosh'^a;)^. 
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67. FormulcB of Reduction. 

A fortmda of reduction in the Integral Calculus is 
a formula obtained in general by integration by parts, by 
means of which one integral^ say Un, is made to depend 
upon a simpler integral tt„_i or u„_2 ; then by successive 
substitution in the formula of reduction we finaDy arrive 
at an integration which can be effected. 

For instance, suppose u„=/(sinaj)"d!fl;; integrating by 
parts, 

y(sin xYdx =y(sin oj)""^ sin xdx 
= — (sin a;)""^cos x+{n- l)y(sin x^'^ cos^xdx 
= - (si n a;)'*~^cos x+(n— l)y"{ (sin a?)**"^ - (sin xY) dx 
or nj'{^\n xYdx = — (sin aj)'*"'cos x+{n — l)/(sin xY "'tte, 

or Un= — (sm xY cos a; H u„_2, 

a formula of reduction. 
Similarly 

/(cos xYdx = - sin 0? (cos xY'^^ Y (cos xY'^dx, 

a formula of reduction. 

Taken, between the limits and ^tt, 

y'**^ rn — 1 /**^ 

(sin xYdx = — /(sin xY'^'dx, 



(cos xYdx = /(cos xY'^dx' 
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First, suppose n even, = 2m, then 

y"^ 2m— 1 r^^ 

(sin a3)^da; = — 2 — /(sin xY""^dx 



_2m-3 2m-l /jLa,)-^. 
2m- 2 2m yvsina'; ««" 



and so on, finally being 



1.3.5 2m-l /^ 



-fi 



2.4.6 2m 

1.3.5 2m~l TT. 

2.4.G 2m 2' 



L /cos^ 



and /cos^"*a:cfcc has the same value. 



Secondly, suppose ti odd, =2m+l, then, substituting 
as before in the formula of reduction, finally 

^ ^ 3.D.7 2m+iy 



,2m+ 

u 

2.4.6 2m 

• 

3.5.7 tm+V 



(cos 



and /(cos xf^^^dx has the same value. 



V 



These are called Wallis'a Theorems^ and are of very 
great use in the Integral Calculus. 
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Examples, — ^Prove the following formulaB of reduction : 
(i.) /cVda? = oj V — n /»" ' Vda;. 

(ii.) /(log xydx = oc(log xy — n /(logxY'^dx. 
(iv0/a«-«^rci.=^gl^^ 

(viii.)/J 



971 + 



^2m+ 



cic 11 -4aj+JB 



(^aj2+2J5x+0)«"27i-2 ^(7-JS2(j[aj2+2£a;+(?)* 

271-3 J r dx 

■^27i-2 il(7-£2y(^a?+2jBa;+C)«-^' 

(ix.) /(tana5)"da3=^— 5-^^ /(ianxY'^dx. 

{:L)Jl(^oixYdx^ ^^^^^^^Jlcoixf-Hx. 

/ -N /T \»j (8ecaj)""^tanaj , 71 — 2 /? .„_2, 
(xi.) /{8ecxYdx=- ^—.j 1 — -"Y /{secxY^dx. 
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(xii.) /(cosee xydx 



(cosecfl!j)'*"*cotaj , n 



n—l n 



-f> 



) :7 /(cosec xY^'^dx. 



(xiii.) /(vers xydx 

amxCversxY'^ . 2?i — 1 /* . , , , 
= ^^ /(Yem xY'^dx. 

(xiv.) /c"cos ma;cZa3= -a;"sinmaj+- aOJ^'^cosTJia; 

' ^ /a?**"'cos mxdx, 

m J 

/ N /L/ \« 7 e"*(cos a;)"*"^C7i cos a; + w. sin a?) 
(XV.) /e~(cos aj)'"(i» = — ^^ ^ — Vi — ^ ' 

m(m-l) yr ^ ^,^ 

(xvL) /(sin a?)'*(cos a5)"cfo3 = 

^ ^^ — \_ L /(smxy(co9xY ^dx, 

^^ ^^ — r ;— /(si^ a;)"'^(cos xTdx. 

(xvii.) /(sin aj)'*"(cos o^dx = 

1.3.5...(2m-l).1.3.5...(2n-l) tt 
2.4.6 (27n+2w)2* 

(xviii.) Investigate formulae of reduction for 
/{AxT^xYdx, yivers'^xydx, y\smhxydx, y[coshxydXy 

/{\Aixhxydx, yisechxydx, y{9mh''^xydx, y(coah~^xydx, 
ysin x!^dx, ysinh oc^dx. 



or — 
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68. Oeneral Integration of Irrational Functions, 
The most general algebraical function of x which can 
be integrated by means of algebraical, circular, logar- 
ithmic or hyperbolic functions is of the form, or can be 
reduced to the form 

G+DJK 

where -4, -B, (7, D are rational integral functions of Xj 

and R is of the first or second degree in x, of the form 

ax^+2bx+c. 

(If R is of the third or fourth degree in x, elliptic 

functions are in general required in the integration; if 

R is of the fifth or higher degree, hyperelliptic functions 

are required.) 

Bationalizing the denominator, 

A+BJR_ (A+B^R)(O^DJR) 

G+DJR" G^^L^R 

__ AC-BDR . BG-AD .r. 

C^-L^R ^C^-^L^R'^ ' 

L N 
which is of the form irf+ijfs/^, where i, M, JV are 

rational integral functions of x. 

It has already been explained (§ 39) how the fraction 

^ can be integrated, so we must now consider the 

N NR 1 

integration of jks/^y ^^ "Tf ~7"p> ^^ ^^ ^^^^ ^® written. 

Three cases must be considered according to the form 
of ^Ry the irrational part. 

Disregarding constant factors, R is either of the form 

R=a^-(x-cf or {a-^xXx-^) (1) 

or R={X"Cf'-a^ or (a;-a)(a;-/3) (2) 
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Ill 



where a = c+a, P = C'-a\ 

so that a+i8 = 2c, a—fi = 2a] 

or R=a^+(xxcf (3) 

69. Form (1) is associated with the circle and ellipse 
(§ 54) and is reduced by putting 

x — c = acoa6; 
x = a cos^ \Q+^ sin^ \Q, 



or 
or 

Then 
and 

so that 

Then 



a — p a — p 

dx= — asinOcZ^, 
^R=a^mQy 
dx 



JR 



= -da 



/3 



-'•W!^^ 



y— 77 ^r = 2 8in"\ /^^^^ — ^ = 2 cos 



.1 ja-x . 



—r. 7ix = 2sm \/ ;^ = 2cos \/ 5. 



a;— c 




The geometrical interpretation is seen by reference to 
figure 19. 



L 
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If OA = a, OA'=fi, and a circle is described on A A' as 
diameter with centre (7, then OC=c, and the radius = a. 

If OM=x, then ACP=e, AAT=ld, AM^a-x, 
A'M=x-p, and MI^ = (a-x){x-fi) = R. 

70. Form (2) is associated with the hyperbola (§ 56), 

and thcD, if the origin is changed from the centre a 
distance c to the left (fig. 20), 

2/2=(aj-c)2-a2=i2. 








jr 



A' r c r 

Fig.20. 



(i.) Suppose a < 0? < 00, so that x is the abscissa of a 
point on the right-hand branch of the hyperbola ; and put 

a?— c=acoshu; 

y = ^R = a sinh u, 
dx 



then 
and 
Also 



x = c+a cosh u = a coBh^u — fi sinh^Ju, 
cc — a = (a — /3) sinh^lu, a? — 8 = (a — /8) cosh^^u. 
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(ii.) Suppose fi > aj > — oo, so that x is the abscissa 
of a point on the left-hand branch ; then we must put 

x^G — a cosh 16' = — a sinh^ Jtc' + ^ cosh^ Ju' ; 
or a — flJ = (a — )8) cosh^^u', ^ — x = {a—^) ^\\\^\vi! ; 

and then — , . >. ^, = — dv!y 



y dx In. ~~ X 

-// a \ = 2 cosh"\/ — 
Jia — x.a — x) \a — 



>a-i8 ^- J(a-8) 



^ ^- -s/(«-i8) 

z 

Referring to fig. 20, the sectorial area GAP = \a^u, 
and CJI/ = a cosh u, J/P = asinhi6; 

also a^T'=iaV, Cif' = acoshu', JlfT'=asinhu'. 

The circular functions can be employed in the reduction 
ofthis form by putting 

a; — c = a8ec0, and 2/ = atan0; 

and then AGQ = Qy where MQ is the tangent to the circle. 

ycLx /" X ~~' c 
-J— =jQec Odd = cosh~^sec 9 = cosh"^ 

H 



114 



INTEGRATION, 



71. Form (3) is associated with the conjugate hyper- 
bola (§ 57), 

and is reduced by putting 

oj — c = a8inhi;, 
and y = ^R = a cosh v ; 

dx 



so that 



and 



s/~R 



= dv, 



/: 



dx 



^{a^+(x^cf} 



= sinh ^ 









X 




N 
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Fig.2l . 



Referring to fig 21, the sectorial area BCP = \d^v, 

and NP=x—c = asuAiv, MP=y = aco8hv, 
In reducing by means of the circular functions, put 

aj— c = atan0, 
then y = ^R = a sec <f> 



i 



I 
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and the angle BGQ = <p, where NQ is the tangent to the 
circle. 
Then 

/ /r o . / r9T= /sec 0a0 = cosh ^^^^-^ ^^ ^—^, 

e 

72. Now to integrate -v^ -y^, the rational part -jf- 

must be resolved into a quotient and partial fractions in 
the manner already explained (§ 39) ; and then for any term 

Gog" of the quotient the corresponding integral CI — ^-^ 

is made to depend upon the integration of integral powers 
of cos Q, sin 0, cosh u or sinh u by the substitutions of 
§§ 69-71, according to the form of iJ. 

The integraiy;,^^^, corresponding to the partial 
fraction ^ of ^ (§ 39), and generally the integrals of 

the form / ^ .„ .p , corresponding to the partial frac- 

D NH 

tions . J^ .„ of -vv- (§ 41) are made to depend upon the 

/z^dz 
—jTjn where iJ' is of the form 

a'z^+2b'z+c\ by the substitution a;— ^=-. 

z 

With the substitutions of §§ 69-71, the integral 

y* dx 
\n /jy is made to depend upon integrals of the 

dv 



form 



f de r du r 

'Jia+^GO^er ^V (a+iScoshu)" ^V(a+)8sinhi;)"- 
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Lastly, integrals of the form 

Px+Q 



fx. 



corresponding to partial fractions of the form (§ 40) 

Px+Q 
Aa^+2Bx+C' 

or, more generally, integrals of the form 

Px+Q 



fu 



or 



or 



are reduced by the substitutions of §§ 69-71 to integrals 
of the form 

y (A'cos^d + 2B'cos e + err 

r P' cosh u+Q^ , 

J (X'cosh^u + 2i^'cosh u + C")" 

r Fsinhi;+'Q^ , 

J "(^'sinh2v+ 2£'sinh a;+ C")" ' 

and these again are reduced to integrals of rational frac- 

-TT ju is reduced, by the substitution 

of z for tan J0, or tanh \u, or tanh \v. 

The integration of irrational functions, which can be 
eflfected by means of algebraical, circular, or hyperbolic 
functions, can thus always be reduced to the integration 
of rational functions, by means of the above substitutions, 
and the integrals expressed by algebraical functions, or by 
the circular and hyperbolic tangents and their inverse 
functions; these are therefore the only transcendental 
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functions we need employ, but as mentioned before (§ 24) 
the other circular and hyperbolic functions are employed 
to avoid irrational and complicated expressions. 

Elliptic and hyperelliptic integrals cannot be reduced 
by any of the previous substitutions to the integrals of 
rational algebraical functions. 



73. Consider more particularly the integral 

Px+Q 



A 



dx, 



(Ax^ + 2Bx + 0)J{ax^ + 2bx + c) 

where Ax^+2Bx + G is always positive, and does not 
split up into real linear factors, and therefore -40— -B^ is 
positive. 
By means of the substitution 

ax^+2bx+c _ 2 

the result will be found to be of the form 

r . -i/r ax^+2bx+c\^^ ,, . ,_,/ ., ax^+2bx+c V.. . 

it ac — b^ is negative ; or 

J. Jj aa^ + 2bx+c V, ,, i -lA/ ax^ + 2bx+c V/-- \ 
^^ Y Ax-+2Ba>+G r^'^'^ Y Ax-+2Bx+c ) <"-^ 

if oc — fc* is positive. 

Here L and M are constants to be determined, most 
conveniently by differentiating (i.) and (ii.) ; and k, k' are 
the values of X, which make 

Ax^ +2Bx+C^ \(aa^ + 2bx + c) 

a perfect square, and therefore 

U-Xa)(0~Xc)-(5-X?>)2 = 0. 
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Denoting Ax^^-'iBx^-G by JJ, and ax^^'lhx-^c by F; 

also denoting -7- CT— F-y- by 2/, then 4/ is called the 

Jacobian of U and Y (Salmon, Higher Algebra). 
Case (1.) If ac— 6^ is negative, and 

then J=(b^ — ac)^(mx + n)(7)i'x + n'). 

Then differentiating (i.), 

LBJ M{-kyj _ Px+Q 

UV^{7rix+ny UV^{m'x+n')~ UV^ ' 

or LkHm'x+n')+M{^ky{mx+n)=-^^c^; 

an identical equation, so that putting nix+n = 0, 

J __ Pn—Qm 

and putting 7n'x+n'=0, 

( — ky(mn' — 7n'n)(h^ — ac)*' 

Ooae (ii.) If ao — 6^ is positive, and 

U-kV=^(mx+n)\ U^k'V= --(m'x+ny, 
then «/= {ac'-b^)^mx+n)(m'x+v/) ; 

and i and M are determined as before. 



Similarly, f -f^p^A M 

J A co8^6+ 25 cos 0+ C 

_r • -1/ ^sin^e V 

- // sin ^ ^^^j^ _|^ 2^ ^^^ ^ _^ ^^ 
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y ^ P cosh 11.+ Q , 

A cosh^M. + 25 cosh u+G 

-i/sin ^;4-co3haj4+25coshtt+0/ 

„ . , v _ — fc'sjph^ y 

+ ill Sinn \^^ cosh2u+2£cosh^+C/ ' 

, r Psinh^+Q , 

J Asinh^v+2BBiahv+(r'" 

_ - _,/ A; cosh^w y 

w , _i/ A:'cosh^v y 

Then /:;P^p:^^e=-.L; 



y ^^ Pcosbu + Q ^j;^ 

-4. cosh% + 2 JS cosh u + C 



= L 8m->(2)* + ilf 8mh-( - 2 )*; 
/-- P8inht;+Q , _, .,/A;y 



— oo 



The result of the integration of 

r Fx^Q , 

J (A^ + ^Bx + Grj{ax' + 2bx + c) 

etc., can be inferred by differentiating the above results 
Tir— 1 times with respect to C, treating C for the moment 
as a variable quantity. 



120 



INTEGRATION. 



74. Oeneral Integration of Circular and Hyperbolk 
Functions, 

A large class of the preceding integrals are seen to 
depend on 

dx r dx 



J (a 



r'^'A 



(a+)8cosa;)- "^V (a+j8cosha;)"' 

and we shall employ a general method of reducing them, 
depending on geometrical considerations. 




Frg.22 

Using the variables ^ and ?; explained in § 29 for 
confocal conies, and denoting SP by r, S'P by r\ the 
angle x8P by e and the angle xS'P by ff (fig. 22) ; then 
in Astronomy Q or 0' is called the true anomaly of P. 

If P moves on an ellipse for which ri is constant, 
then ^ is called the eccentric anomaly ; if P moves on a 
confocal hyperbola, ^ is constant and 17 varies. 

From § 29, 

r = c(cosh ri — cos ^), r' = c(cosh ri + cos ^), 
so that 8P = AK, ST = KA'; and 
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^ x — c cos^coshw — 1 ^ x+c cos^coshi;+l 

cos0= = 1 — IT, co8 0^= — r-= T — ; ^' 

r cosh 17 — cos f r cosh 1;+ cos f 

Therefore 

sin^sinh, Bin^sinhy . 

sm C7 — r ifti Sill (7 — — r ; ^ > 

cosh jy — COS f cosh 1; + COS f 

and tan ^0 = tan J^coth |>;, tan ^d'=tan |^tanh ^ly. 

Differentiating the last two equations logarithmically 
(§ 35), 

de _ dj _ drj 
sin 6 "" sin £"" sinh 1; * 

d0__dl^_ df^ 
sin 0^"" sin ^~" sinh,;' 

Therefore 

de= ^"^^^^i sin $dri . 

cosh j; — cos ^ cosh ri — COS £ ' 

^y^ sinh lycZ^ sin ^diy 

cosh 17 + COS ^~ cosh 1; + cos ^* 

Bat 

COshw + COS0 = r — 5, COS ^— COS = r ^; 

cosh jy — COS f ** cosh 17 — COS f 

cosh w — COS 0' = r 7-^ — Tf COS 0' — COS ^= , . >. 

' cosh j; + COS f ^ cosh j; + COS f 

Therefore 

(cosh ,7+cos er^de= /^^^^''^^""'^|, , 

^ ^ (cosh >7— cos £)*• 

and integrating, 
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/^!^.-/-''+-«--^''- <>' 



Similarly, 



/^/:^r -/-^ f—er-w (2) 

^0 

Here the denominators do not vanish, and the integrals 
do not become infinite, and can be expressed by means of 
circular functions. 

But 

^ cosh w — cos ^ ^, cosh 17+ cos ^ 

^^Q= x-^-r ^^> sec Q = ir^ — r\ 5 

cos f cosh J? — 1 cos f cosh tj+l 



therefore 



e 

Here the denominators can vanish, and the integrals | 

become infinite, so that they require hyperbolic functions 
for their expression. 
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According to the relative values of a and )8, the integrals 
mentioned at the beginning of this article will assume one 
of the forms (1) to (8). 

For n = l, 

r^sinhfjdj ^ g ^ ^^3-i Cos^coshiy-l ^ 

J COshj; — COS^ COshjy — COsf 

f^ sin idri ^ _iCOs i cosh rj — l 
I — 1 ^ =7r-g = 7r'-cos ^-—\ rrr^' 

J cosh ri — cos ^ cosh jy — COS f 

/*^^ sinh^^_ ^ p %m^d ri ^^^ cos"'^^^^ ^ ^^^^-'^ + ^ 
y cosh J/ + COS ^ y cosh i; + COS ^ cosh i; + cos ^ ' 

/ -^ — ? 1 =/ sec 0d0 = cosh'^sec 

y cos f cosh 17— I J . 

^^^^j^_,_C0sh^-C08£ 
COS^COShiy— 1' 

r ^l^^t"^ . = ysec 0d0 = cosh-^( - sec 0) 

y cos f cosh?; — 1 y 

^COGh-^^^^ ^""'^''^^ '^ 
COS^COShi;— I' 

r^ sinh >ydg ^ /^ sin /cZjy iT^^ g,^^, 

y COS ^cosh 17 + 1 y cos ^ cosh j;+l J 

= cosh~^sec Q' = cosh~^ ^ '^ , — -^^ . 

cos f cosh j;+l 

The geometrical interpretation of the reduction of the 
integral 

r dx 

J{a+^smhxy 
is left as an exercise for the student. 
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General Examples of Integration, 
^ r dx ___ 1 _i ojx+h 

the real form to be taken. 

Express the results also as functions of ax^+2bx+c. 

dx _ 

'^(a^^ + ^bx+c)" 



-A 



1 . , , aa;+6 1 i , // aa^+26{r+c\ 
—. sinh"^ ,v ioT = —5- cosh ■\/ 1 a to — L 

or —-cosh"' ,,j-2 = , sinh \/l a — ro 1, 



or 



1 , ax-^th __ 1 • 1 // a^M-26^+c\ 

^ /* c?^ 2 . , _j /a; — 6 

' J ((i-'X)J(x — b) ^{a — h) ya — x 

or ~^- j^cosh \/ , or —j-r — -cos \/ — . 

s/(a—b) yx — a v(o~a) yx — a 

y (a-'x)^{b — x) njib — a) yx—a' 

2 , , /6-a; ^ 2 , /6-aj 

or — ^-y -cosh \ >^^—r^ rfi^^ \ • 

s/Kb — a) ya — x jj{a — b) ya—x 

r dx 



(^ -p)s/(fla^ + 2te + c) 



1 



„:„>,-. {ap+h)x+hp+c 

Jiaf' + 26iJ + c) ^'°'' (a; -p)s/(ao - b") 



or 
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Cosh-4^^2±^vt^^ 



-SinQ , \ — 77T9 r y 



ts/{—ap^—-2bp—c) {x—p)y/{b^—ac) 
^_ 1 ^^g.,V(aa^+26a5+c)V(-ap*-l^-c) 



Mj(—ajj^-2bp — c) ■ (x — p)^{b^ — ac) 



-A 



or 



P . , . 1/ A aa^+c\ 



^A^{Ac-aG) 

. , It G ax^+c\ 



or 



Q .^1(0 ax^+c 

:jC:j{Ac-aC) ^'" 

P , // A (u?+e \ 

jAJ{aO-Ac)'^^ V\ a Ax' + C) 

^JGJ{aG-Ac) '^^^ V\ c Ax^+Cr 



P . ., // A aa?+c \ 

JAJiaG-Ac)^^"^ V\ a Ax^+g) 

Q . ,., I( _C aa^+c\ 

\jGJ{aG-Ac) VV c Ax^+G}' 
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7 /" Pcosg+0 ^Q^ 

' »/cos'^0--2 8inacosO+l 



TT 



P sm ia + Q COS ia .^ . .,. 

T^^r — \ . " y II cos a IS positive, 

^(2 cos^a) ^ 

Psinia+Qcosia .« . .. 

or TT // o a X > " cos a IS negative. 

^( - 2 cos*a) ' ^ 

3 /-^ Pcose+Q ^g 

ya^cos^d — 2ac cos a cos + c^ 

P V(a^ + c^ - m^) + Q^(a^ + c^ + m^) 
where Tn,* = a* — 2a^c^ cos 2a + c*. 

^2m+l \ .../2«^^^«T 



^ /2m+l V ,.,1 
+ cosf rTrjtanh '| 







«^° { ^^(2r- l)x } tan '\— ^— r 

2r— 1 




tn m 



11. Find y(tanaj)"cJic andy(tanhaj)"da;. 
(Put tan aj or tanh x = t/**). 

1 2. fs/{^ cot aj)c?a3 = sinh"^^(sih 2ic) + 8in"^^(sin 2a3). 

13. fiJ{Q,o\h x)dx = tanh"*;,/ (tanh a;) + tan"*,^(tanh a:). 



i 



I 
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smh" — ,, ST- or cosh - 



cosh ^ ,. ^. or sinh-^ — rr^ r. 

y 1+x^ '^{l+cx^+x^) " 

7/ — ,,,smh-' ^\ g ^ or— 7-^ rSin~^-^^T— «- • 

^(c-2) l+aj2 ;^/(2-c) l+ic^ 

^•y l-ic2 ^(l-ca^+a?*)- 

j^{c—2) 1—x^ ^(2 — c) 1—03^^ 

' y a; s/^~~^J^ ^V^A 

= -T-cosh"^^"^--^^, etc. ; 
where R=ao(^+2ba?+ca?+2bx+ay A = aC'-2a^-b^. 



{?xitx+l = y). 
Determine also / 



dx 
7^ 



where J2'=aa3*— 26a?^+ca;*+26aj+a. (Put a; — = y). 



X 



19. Determine the conditions in order that / -j^^Rdx 
(§ 72) can be expressed by a single term of the form 
tan"^2;^iZ, or tanh" -^^/jB, where Jf, N, p, q, R are 
rational integral functions of x, (Abel, (Euvres, I. p. 104). 
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20. Prove that the co-ordinates of the centroid of the 
arc of the curve y = a log sec-, measured from a; = 0, are 

Cb 

03— vcot-, t/— a+ajcot-, 

s 
supposing the line density varies as cosh -. 

21. Determipe the co-ordinates of the centroid of the 

arc and of the area of the catenary y =acosh -, measured 

from 03 = 0, and prove that for the figure formed by the 
revolution of the catenary round the axis of a:, 

S=7r((ix+8y), V=iaS, 

22 Prove that for the figure formed by the revolu- 
tion of the tractrix (ex. 92, p. 58) round the axis of x, 

23. Rectify the dssoid y\2a--x) = oc?, and determine 
also Ay S and F, in terms of x, starting from x = 0, 

/JI& — Q^ 

24. Prove that, if y= ^ , 

y X 

25. Prove that, if 

{A+^Bx+^Ca?-¥D^){A+ZBy^ZGT^+Dy'){A+'iBz+^Gi^-^D^) 

= {A-{- B{x + y + 0) + C{yz + ZX + xy) + Docyz^}, 
then 

/(A+SBx+SCx^+Da?y^dx+/{A+SBy+SCy^+DyY*dy 



+/{A + SBz + SC2^ + DzY'dz=^0. 



(Quarterly Journal of Math, xix., p. 158; xx., p. 179.) 



CHAPTER III. 

SUCCESSIVE DIFFERENTIATION. 

75. The operation of differentiation with respect to x 
being represented by the symbol -r-, a second differentia- 
tion is represented by -r- t-, which is written ( j- I or -j-g ; 
and generally the operation of differentiating n times is 

-J- j or ^- ^ so that the n^ d.c. of y with 

respect to x will be written (;t-) y or -r^. 

Jf y = {x, and -^ is denoted by {% then -^ is denoted 
by fa;, and generally 4^ by f^x. 

The difference between ( -^ 1 and -r^ must be carefully 

observed; i-p] meaning the ti*^ power of J^, but -y-^ 
meaning the n^ d.c. of y. 
Hitherto -^ has generally been used for \-^) - 



130 SUCCESSIVE 

The successive d.c/s of a function are required, among 
other purposes, in the expansion of a function by Taylor's 
Theorem, as explained in the next chapter. 

76. For instance (§ 3), 
dor 



dx 



=7naf^: 



therefore -j-g- = m{m — l)x*"~', 

~ = m(m - 1) (m - 2)ocr-', 



and generally 



= m(m— l)(m— 2)...(m— 7i+l)aj^ 



m—n 



dx* 
If m is a positive integer 

— ^ =m(m — l)(m— 2)...2.1, denoted by m!, 

and all the higher d.c/s vanish. 

Generally to diflTerentiate successively any rational 
function of x with respect to x, the function should first be 
resolved into its partial fractions (§ 39), and then the 
n^ d.c. of a partial fraction 

will be A-z =^-^, 



x—a {x^ay 

and of a partial fraction 

B ^.^ ^ ^ (-irm(m+l^^m+.-l) 
(«— 6)"* (aj— o)"+" 

To find the w"" d.a of a partial fraction of the form 

(§ 40), 

Px+Q 
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suppose it resolved into its conjugate imaginary partial 
fractions of the form, 

A+iB A-iB 



x—a-ifi x—a+i^ 
and then the n^ d.c. will be 

/'_1^- ,1 '^+iB j_ A-iB \ 

_ r iNn^ . {A+iB){x-a+i^r+{A -iB){x-a-i^T 

~^ ' {{x - af+^r • 

This can be expressed in a real form by putting 
X — o = j8 cot 0, and then becomes, by De Moivre's theorem, 

/_■■ \« ,(-<l+i£)(co8«.0-K8in«.d)+(j4 -iB){coBnQ-iamn&) 

~^~ ^ **• {(a;-a)Hi8*}i- 

_., ..„ .AcosnB—Bsin'nQ 

Also d\og{x-a)^J_^ 

ax cc— a 

and therefore ^^o^}--) J-^r\n-l)l 

aaj" yx — ay 

Similarly the n*^ d.c. of tan'^a; and tanh'^a? can be 
determined. 



77. By § 4 

casino; 
dx 



= cos X = sin (a? + Jtt), 



therefore , ^ = sin(a3 + |27r), 

and generally , ^ = sm (x + Jtitt). 
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Similarly — ^^^^ =1>" sin (px +q+ ^nir), 
— ^^^^ ^ =p"cos (px+q + imrY 
Since ^'=a'loga(§26), 

therefore generally -^ = a* (log a)" ; 

and -7-r = ^« 

Also (§ 32) 

d^^sinha? . , cP""*"^ sinh a; , 

= smh X, — , o».i === cosh a?. 



cPcosha? , d^""*"^ cosh 03 . • 

^r^n = cosh a;, ^^2n+i =8inha?. 

78. LeUbniiz's Theorem. 

We have already proved the rule for the differentiatioD 

otuv, the product of u and v, two given functions of x; 

namely (§ 34) 

duv du . dv 

Differentiating again, each term on the right-hand side 
being a product gives rise to two terms ; and 

d^uv dhu dwdv dudv dh) 

dx^ ""da? dx dx dx dx doc^ 

d^u ^du dv dh) 
"da? dx dx dx^' 

A^'^ ^'W.^ ^^'W. . ^dhi dv , ^du dh) . dH 

and 

dHuv dhi .d?u dv ^ d^v, d^v , ^dv, d^v , dM) 
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We now perceive the law for any number of differen- 
tiations^ by analogy with the Binomial Theorem; and 
the law can be proved by Mathematical Induction. 

For assuming that 

l^^d^^'^dx^'^dx^ 1.2 daf'-^d^^ 

n{n — 1) dhi d'^'^v du d^'^v d*v -. 

+ 1.2 "^2 ciic«-=+^^ ciic"-^"^^^^' ^ ^ 

Differentiating again, each term on the right-hand 
side of (1) gives rise to two terms, of which the second 
of one teim coalesces with the first of the next term ; so 
that 

^^^hw__d^^ , ..cZ"u dv {n+\)n d''~^u d^v 
(ic-+^ ''1^^^^^'^'^^dx^ dxc 1.2 dS^rf^"^ 

, {n+l)n dhi d'^'^v , ^ ,in^^"^, ^""^^'^ /s>\ 
+ 1.2 "^ d^+^''"^^^d5 5^+'^d^+^--^^^ 
If therefore the law expressed by (1) holds for n, it 
holds when n is changed into n+lf ss expressed in (2). 

But the law holds when n is 1, 2, 3, 4, and therefore 
it holds when 7i is 5, 6, .... and generally any positive 
integer. 
This law is called Leibnitz^ 8 Theorem. 
Leibnitz's Theorem can be established by a symbolical 
proof, which is easily extended to the case of the differ- 
entiation of any number of factors ; for if 

y = uvw... 
when u,VyW,... are functions of ic, then 
dy du . dv . dw 

dao ax ax dx 

= (Di-f-Dg-h-Dg-h . . .)uvw. . ., 
where D^ represents the operation of differentiation on 
u, Dg on V, Dg on m. . . 
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Then, since these operators represented by D obey the 
same laws as algebraical quantities, 

so that the .coej£cient of -3-^ -^ "TT'r-" ^^ equal to the 

coefficient of af^j?*'... in the expansion of (ou+y +;?+...)" 
by the Multinomial Theorem. 

79. By Leibnitz's Theorem, 

^V^y_,«/^n^ I ^^n-ldy 71(71-1) (% ) 



=^"'(^+^^' 



with the symbolical notation. 

Therefore, if Fx denotes a rational function of a?, 

a theorem of great use in Differential Equations. 

Examples on Successive Differentiation. 

1. 2/ = e*°«*^«cos(aJsina), , v. = e**^*cos(a5sina + 7ia). 

2. y = e'"+*cos(pa? + g), ;74 = a"(8eca)"e"*'^*cos(pa3+g+na), 



dx 



where tan a=-. 

a 
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3. y = cosh(aa;+6)cos(^a;+2), 

-T^ = a"(seca)'*{cosh(aa; + 6)cos(pa; + g)cos na 

— sinh(aa3+6)sin(paj+3)sin tia}, 
if 71 is even ; and find the value when n is odd. 
. 5 ^ i dry 

5. 2/"cos'n^=a",^+2/ = ('n.+l)^. 

6. 2/ = J.cos7ia;+-68inna;, -jri+'^^y = ^' 



—nx 



7, y=A cosh 1105 + JB sinh x, or ae"* + be 

8. 2/ = oT'^iA cos nx+B sin Tia?), 

aj2g « (2m- l)aj^+(7iV+m2 _ j^^^^q. 

80. Dynamical Applicatio7i8. 

Suppose a body Jf , like a railway train, is moving in 
the straight line Ox (fig. 3), and that x denotes its dis- 
tance from at the time t; then (§ 13), if u denotes the 

dx 
velocity of the train, u=--t^. 

The acoeleration is defined to be the rate of change o/ 
vdocUy per unit of time, so that the acceleration of M is 

du^cPx 
Tt'~dt^' 

du_du dx_dii _idv? 
^^^ Tt''dx'dt"cbo^''*dx' 
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Suppose, for example^ the acceleration is constant and 

equal to /; then 'dt^'d^ =/* 

Integrating with respect to ^, 

^=t=^+fi (1). 

if V denotes the velocity when ^=0; so that V is the 
arbitrary constant to be added in integration (§ 37). 
Integrating again with respect to t, 

x=Vt+\ft\ (2) 

supposing a? = 0, when t = Q, 

SO that, integrating with respect to q:, 

^v?^\V^+fx (3); 

and (1), (2), (3) are the equations of rectilinear motion 
with constant acceleration /. 

For a retardation / is negative. 

81. Suppose a body N to be projected vertically upwards 
from with velocity F, and let y denote the height 
above and v the upward velocity of N at the time t 

Then, if the resistance of the air is left out of account, 

dv _ d^y _ 

g denoting the acceleration of gravity , due to the attrac- 
tion of the earth. 

Therefore, integrating with respect to t, 

and integrating again 

y=Vt--h9t\ 
also lv^ = hV^''9y* 
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If the body N rises to the height h, and if T denotes 
the whole time of going up and coming down again, 
then \T is the time of rising and also of falling, and 

Therefore v = \gT — gt, 

and y = W{T-t\ 

also h'^=9Q^'-y\ 

82. Vertical motion of a body when the resistance of 
the air is taken into account 

Suppose a body like a sphere to be projected vertically 
in the air, and suppose the resistance of the air to vary 
as the n^ power of the velocity ; then the retardation 
due to the resistance of the air when the velocity of the 

body is v may be written fl'l— ) , and then w is called 

the terminal velocity of the body, being the constant 
velocity with which the body would fall when the 
weight of the body is balanced by the resistance of the 
air, as observable in the terminal velocity of raindrops, 
hailstones, and meteorites. 

When the body is moving downwards with velocity 
V, the equation of motion is 



dv 
dt 



=^A3' « 



and when the body is moving upwards with velocity v, 
the equation of motion is 



dv 
di 



=-^-K3" • (2> 
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Example 1. — Suppose n=2, and the time is reckoned 

from the instant the body is at the highest point. 

Then for the dovmward motion of the body, equation 

(1) becomes 

dv /- v^ \ 

and therefore x^ ^ ^ 






t=- / — ^ = — tanh"^-, 

g ^ 



or v--^=w tanh^, 

at w 

if y denotes the depth below the highest point at time t. 

Therefore 

y = w /tanh ^dt = — log cosh —. 
J '^ 9 '^ 



For the v/jpfoxird motion of the body, equation (2) 
becomes dv f ^ , '^\ 

and therefore r^ j'^ 



rd^ 



^=--/-^=-^tan< 

9 '^^ 



dy . gt 

or 'y= — jj= — ii;tan— . 

dt w 

Therefore 

,2 



y=t(; /tan^d^= — logsec^. 
J w g ^ w 



The upward velocity is therefore infinite at an infinite 

depth below the highest point, but the whole time of 

w 
ascent is finite, namely, Itt— • 
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The downward velocity gradually increases from zero 
to Wy the terminal velocity, which is reached in an infinite 
time and at an infinite depth below the highest point. 

ExampU 2. — Suppose ii=4; then equation (1) becomes 

taking y as the independent variable. 
Therefore 



y=i 



W* 



i- tanh"' 
^9 



vF 



or 



'y*=wHanh 



2£y 



^=§=W(**°^ 



2M 



Therefore 






= Jl{ t»-4u„h?5')+t»h-4t..h5)} 

(ex. 13, p. 126). 

Equation (2) for the upward motion becomes 

Sv_ dv^__ {.,^\ 
dt'^^~dy~~'^V'^w^r 



and therefore v^ = id^taji 



^gy 



vr 



2» 



— i-w('-^> 
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Therefore 



H 



i=W2f{.m-V(-S')+«'^-V("''5/i 

(ex. 12, p. 126). 

In the upward motiou the velocity becomes infinite 



ttw^ 



« . finite depth, ^, Wow the hi,he.t point 

To complete the trajectory of the body, the velocity 
at this point must be supposed reversed, and the body 
projected downwards with infinite velocity; then at a 
depth y below the point of projection, 

»=|=»V(»th ^). 

83. Equations of motion in a plaTie. 
If X, y are the co-ordinates at the time f of a point 

P moving in a plane (fig. 3), then (§ 13), -^ and ^ are 

the component velocities of P parallel to Ox and Oy, 

d X tt 1/ 
Similarly, -^ and -r^ are the component accelerations 

parallel to Ox and Oy, since the acceleration in any 
direction is defined to be the rate of change of velocity in 
that direction per unit of time. 

84. Suppose, for instance, that a body P is projected 
from (fig. 23) with velocity V at an angle a to the 
horizon, and suppose the resistance of the air to be left 
out of account. 
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Then, if the axis Ox is horizontal, and the axis Oy 
drawn vertically upwards, the equations of motion are 

Integrating with respect to ^ : 
dx 



dt 



= a constant = Fcos a, 



-^=a constant— gf^= Fsina— gr^; 

and integrating again 

x=Vt cos a, 

y = Fe sin a - ^gt^, 
supposing ^=0 at 0, the point of projection. 




Fifir. 23. 



X 

Therefore t=-^ , and substituting in the value of y, 



gx 



,2 



y = a; tan a - ttw? — w~> 
^ 2V^ cos^ a 

the equation of the trajectory ; which will be found to be 
a parabola. 
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For writing it in the form 

x^ sm a cos a = ^kjos^o, 

9 9 

and completing the square in x ; 

03 sinacosai = (ios^a\v—-^^VD?a\ ; 

and comparing this with the equation 

(aj-A)2=-p(2/-A;), 

which is the equation of a parabola as in fig. 23^ of 

which the vertex is at (A, k), the latus rectum is p, and the 

concavity downwards ; then 

yi y 2 2 V^ 

h = — sin a cos a = OC, k = T^-sin^a = CA, p = cos^a. 

9 ^9^9 

If HK is the directrix of the parabola, then 

^^'"^ dt dt^ ^"5^ dt^ " "^dP 

and integrating 

Jdx^^dyh . , 

* V a? "^ ^ ) "" ^ constant - gy, 

or Jv^ = il^^-fl^y; 

if V denotes the velocity at P. 

The velocity v at any point P is therefore the velocity 
which would be acquired in falling freely from the level 
of the directrix ; for 

iv^=g . OH-g.MP^g . PK, 

To find the range OB, and the time of flight on the 
horizontal plane through 0, put y = 0; then 
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()=a;tana^ 



2F2C08V 
0=Fitsma-J^^^ 
Therefore, if the range is denoted by iZ, 

R = sin a cos a = — sin 2a, 

9 9 

and if the time of flight is denoted by T, 

rp 2F . 
r= — sma. 

9 

With a given velocity of projection F, the range JS is a 
maximum when sin 2a = 1, or a = i7r. 

Produce 08 to meet the parabolic trajectory again in 
Q, and draw QL perpendicular to the directrix HK\ then 

OQ=OS+SQ=OH+QL, 

so that the trajectory touches at Q a fixed parabola HQ, 
with focus at and vertex at H ; the parabola HQ is 
called the envelope of the trajectories like OPQ described 
with the same velocity of projection F, but varying 
elevation a. 

The interior of the surface formed by the revolution of 
the parabola HQ round the vertical line OH will therefore 
be the whole space covered from the point with the given 
velocity of projection F; and the section of this surface 
by any plane will be the area covered on that plane. 

The maximimi range on a line through 0, like OQy will 
therefore be obtained when OQ is a focal chord, and 
then the direction of projection bisects the angle HOQ, 

For examples on the subject of parabolic motion, the 
reader is referred to treatises on Dynamics. 
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85. Dynamical EquatioTis with Polar Co-ordinates. 

Changing to polar co-ordinates r and 6, then (fig. 24) 

x^rcoaO, and y=r sin 6. 




Fifir.24. 

Differentiating with respect to t, 

dx dr ^ • /xdO 

J=^8me+rco8 0^. 

Therefore the component velocity in the direction 
OPy called the radial velocity, 

dx /s , dy . ^ dr ^ 

and the component velocity perpendicular to OP, caUed 
the iransfmr^aX velocity, 






as before (§ 18). 
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Differentiating again, 

wHdt^-''dt'n^-{^dim+''wT'"^' 

d^y (d?r d6\ . aJ^drde^d^e\ . 

Therefore the component radial acceleration 
<^a; ^.dhf . . dh- d^ 

and the component transversal acceleration 

d^ ■ ^,<py ^ „drde , d^e 

-W"" ^+dl^ '**^ ^ = ^ dt+''di-' 
which is usually written in the form -'jiy-n)» ^^ 

which it is equivalent, as may be seen by differentiating 
this last expression. 

Suppose, for instance, that P describes a circle round 

(1/7* 

O as centre; then r is constant and -7- = 0; so that the 

radial acceleration is — r-r^ and the transversal or tan- 

cP6 
gential acceleration is ^"-7^2- 

Also, if V denotes the velocity in the circle, t; = -^ = r-^, 

/7/»f (Jr8 dv 

so that the tangential acceleration is -17 or -— g or v-r-, the 
same as for rectilinear motion ; and the central or normal 

acceleration in the direction PO is r-r:o = t7 ,7=— . 

ar dt r 

To realize this circular motion practically, suppose a 

particle, suspended from a fixed point by a fine string, to 

be projected with velocity v so as to describe a horizontal 

circle of radius r under gravity, neglecting the resistance 

of the air. 

K 
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Denoting by a the constant inclination of the string to 
the vertical, and by Q the tension of the string, then 

: gr : : Q sin a : Q cos a, 

or i;2=grrtana. 

Now if 2r denotes the time of revolution in the circle, 

^ m y 
_2 

therefore v^ = -^^^i^ = gr tan a, 

\l cos a 
or 



m \t cot a 11 



9 19 

I denoting the length of the string; and T therefore 

approaches the limit ttaJ-, as a becomes indefinitely 

diminished. ^ 

86. Suppose a particle P moves in a field of force in 
which the radial and transversal accelerations due to the 
field of force are represented by R and T respectively ; 
then the equations of motion are 

im-''l¥^^ (1) 

\'My^ 2 

Now r^-^ is generally denoted by A, and then A, = 2-^ 

(§ 60), twice the rate the area is described by the vector 
OP about 0. 

Change the independent variable in the equations of 

motion from ^ to 0, and denote r by -. 



DIFFERENTIA TION. 1 47 

Then since r* -,- = A, 

at 

therefore -^ = Kv? : 

at 

and equation (2) becomes 

dt " iZ' ^^ d0 " hu^' ^^ * cZe II.3- 
. . dr dr dd 1 d?>6, „ tZt6, 

80 that -rj— = — 7-r- -^ ^ — 7— -— 
dt^ de^ dt dd dt 

" le^'^'^den 

dO^ 
and r ijz=h^u^. 

Therefore equation (1) becomes 

dd^ dd n 

dSi R T du 

^^ de'''^^~ h^v? hhi^ dff 

the differential equation of the orbit of P. 

87. Central Orbits. 

For a central field of force in which the attraction is 
always directed to the origin 0, T=0, and h is therefore 
constant. 

Denoting the central acceleration due to the attraction 
towards by P, so that P= ^R, then 

dhi _P^ 
dO^^^^h^^' 

whence the required value of P is found when the 
equation of the orbit is given. 
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Eicamples. — (1) The polar equation of a conic section 
with a focus at the origin being 

or ht = l+e cos 6, 
r 



then I 






7^2 I 

-rU^f which varies as u^ or -. 



and therefore P = -yu\ which varies as u^ or -g* 



Thus Newton's Law of Gravitation by which the Sun 
attracts the planets with intensity inversely proportional 
to the square of the distance is deduced from Kepler's 
Law, that the planets describe ellipses of which the Sun 
occupies a focus. 

(2) Prove that, for a conic section with the centre at 
the origin, P varies as r. 

(3) Prove that P varies as u' in the curves {Gotea^s 
Spirals) (i.) au = cosh nO, (ii.) au = exp nO (the equiangular 
spiral, p. 98), (iii.) au = sinhn6, (iv.) au = n6 (the hyper- 
bolic spiral, p. 98), (v.) ait = sin nd, 

(4) Prove that P varies as r"**"' in r" = a"cos7ift 

(5) Prove that 

(i.) P varies as u^ in att = tanh —j^ or coth 



^2 J2 ' 

.... „ . -. cosh 0—2 cosh 0+2 

(u.) F varies as u* m au= — , ^ . ., or — r-7> — =i ; 
^ ^ cosh 0+1 cosh 0—1 

,...v T> . 7» 9 9 cosh 20— 1 cosh 20+1 

(ill.) P varies as u^ in am^ = — t-stt .-^ or — r — 7^ — i- 
^ ^ cosh 20+2 cosh '16—2 

In the curves of this last example, au = l or r = a 
when 0=00; so that after an infinite number of revolu- 
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tions round the origin the curves approach to coincid- 
ence with the circle r=a, which is therefore called an 
asymptotic circle. 

A particle describing this circle freely under the 
central attractions of (i.), (ii.), or (iii.) would be unstable, 
and be found ultimately describing one of the correspond- 
ing curves. 

The inverse problem to determine the orbit when the 
central attraction is given is more complicated, but the 
general method pursued Ls as follows. 

Supposing P a given function of r or u, then 






Multiplying by -~, 



or 



du cPu du^ P du 

deW^^de~¥v?dff 

and integrating with respect to 0, 

80 that 

the equation of the orbit, connecting 6 and u. 

For examples the reader is referred to the treatises on 
analytical Dynamics by Tait and Steele, Besant, or 
Williamson. 
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88. Oeometrical Illustrations of Successive Differen- 
tiation, 

Cut^ature. The curvature at any point of a plane 
curve is defined to be the rate at which the curve is 
bending, or the rate at which the tangent is revolving 
per unit length of the curve. 

The angle (in circular measure) between the tangents 
at the ends of a finite arc of a plane curve is called the 
whole curvature of the arc, and the ratio of the whole 
curvature to the length of the arc is called the average 
curvature of the arc. 

Suppose that, in going from a point P to an adjacent 
point P' on an arc of length As, the tangent (or normal) 
has turned through the angle A^, then A^ is the whole 

curvature, and -^ is the average curvature of the arc 

PR', and making P' move up on the curve to coincidence 

with P, the curvature at P is lt-T^= -Y- 

As as 

To measure curvature a circle is employed, because the 

curvature of a circle is the same at every point, and by 

varying the radius the circle may be made to have any 

required curvature. 

As 
For if PP' is the arc of a circle, then -r-j is always 

equal to the radius (§ 5), and therefore the curvature of a 

circle, measured by -^, is the reciprocal of the radius. 

The circle of curvature or the osculating circle at any 
point of a curve is defined to be the circle which touches 
and has the same curvature as the curve at the point. 
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89. Any small arc FF' may be considered as ultimately 
coincident with the arc of the circle of curvature, and 
therefore Q, the point of intersection of the normal at P' 
with the normal at'P (fig. 25), is ultimately the centre 
of curvature at P, and then QF is called the radius 

of curvature, and denoting it by />, then p = \t~—=^ . 
The curvature at any point is therefore - or -y . 




Fig. 26 . 



Now 



tan ^ = -^-, or >/r = tan"^-!^ ; 



therefore 



also 



d\fr 
dx 



1 + 



dx' 



dx' 



t-S^n>.,m: 
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and 



da 

(Is 
_ dx 
"^ d>\lr 

dx 



dx^ 



the expression for p in terms of y, -,— and ^. 

00. Taking t as the independent variable, then 

dy 



-f..-l!^_fo,.-l_^ 



^ = tan "^-7^ = tan 



dx 
7U 



(§ 14), 



and 



dx d?y^_d^x dy 
dyfr_~dt ~df df 'dt , 



It 



dx^_^dy^ 



de'^ 



also (§ 13) 



therefore 



cfe_ l(dx^.dy^\ 

dryKdf^wr 

(d^ df\^ 
Kdf'^df) 
P^dx d?y ^d^x dy 
di rf? If di 



We are now said to have changed the independent 
variable from x to t in the expression for p. 



Since 






and 



dx , dy . , 




therefore 
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or - = cos "^^-7^ — sin V'^^TTg i the normaZ component of the 

acceleration of P. 

The tangential component of the acceleration 

cosV^^+sinV^^ 



_ 1 /dx d?x , dy d^y\ __ dv _ dv_ jdv^ 
"iVctt W'^'di Wf" df^ls^^da' 



the same as for rectilinear motion; and -, the normal 

P 
acceleration, is the same as for motion in the circle ot 

curvature (§ 85). 

91. Taking 8, the arc of the curve, for the independent 

variable, then since (§ 12) 

dx , dy , . 

therefore, differentiating with respect to 8, 

d^x^ . f ^V^_ _dy 1 
cfo*"" ^cfo ~ da p 

ds^^ ^ da" ds p 

Squaring and adding 

dy dx 
, da da 

and co8i^=/>^. 8inx/r=-p^. 
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If a, ft are the co-ordinates of Q, the centre oj curvature 
atP, 



With X for independent variable. 



. , da dy 



t/ — j8=— pCOS\/r= — 



ds dx 
dxfr ds 



dx 

dxfr'' 

dx 

'dx/r 




1 + 



dy 
dx^. 



:) 



14 






dx^ 



dh, 



dx dx^ 

92. The Evolnte and Involute, 

Since a = aj—p sin\/r, ^ = y+yt)COs>/r; 

then differentiating with respect to «, 

c?a daj dp , , , dxlr dp 

d8 dy . dp , . ,(ZV^ 

-y-=-f^H f COSUr — pSin>/r ,^ = 

da da da ^ ^ ^ da 
and therefore 

cZa 



dp 



da 



cos^; 



cot Y^ = tan (i7r+^). 



The locus of (a, j8) the centre of curvature Q, is called 
the evolute of the curve AP ; and the preceding equation 
shows that the tangent to the evolute at Q is QP, the 
normal to the curve at P. 



Also 



d^,d§^_^dp' da^_dp' 
d^^da'^ds''^^ da'^d^' 
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if cr denotes the length of the arc of the evolute, measured 
from a fixed point. 

Therefore -^= ±-J^y and (r= a constant ± p. 

(i.) Suppose (T=p-'l; then the curve AP can be 
described by the end of a string unwrapped from the 
corresponding arc BQ of the evolute (fig. 26, i.). 

(ii.) Suppose or = l — p; then the curve AP can be 
described by the end of a string which is wrapped on the 
corresponding arc BQ of the evolute (fig. 26, ii.). 

In each case, cr denotes the length of the arc BQ of the 
evolute, and l = AB, the radius of curvature at A, and 
p = PQy the radius of curvature at P, 




Relatively to the curve BQ, the curve AP is called an 
involute ; and by varying the length of the string, any 
number of involutes can be obtained, all parallel curves ; 
but a curve, like -4P, has only one evolute, like BQ, 

Thus the tractrix is an involute of the catenarif 
(exs. 91, 92, p. 58). 
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93. The cycloid and its evolute, and cycloidal vibra- 
tions. 

The cycloid is a curve OP (fig. 27) described by a 
point P fixed to the circumference of fl. circle which rolls 



on a straight line. 




Fig.27 



When the centre of the circle has advanced by rolling 
on DB from C to G\ the circle will have turned through 
an angle 6, where 0(7 = aO, a denoting the radius of the 
circle ; so that if 0, the point from which P starts when 
at the end of the diameter DC is taken as origin, and 
Ox drawn parallel to DB, then if x, y denote the co- 
ordinates of P, 

x=a(6+sm0\ y = ayers6; 



so that 



x = ayers-^^ + ^(2ay-y'^) (1) 

a 



The rotation and translation of the circle may be 
considered independently, by supposing the circle first to 
turn through an angle 6, carrying to JB, and then to 
slide on DB a distance ad, carrying i2 to P ; thus the 
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cycloid is constructed by producing the ordinate NR of 
the circle to P, and making iJP = arc OR. 

The curve described by P' when NP" is made equal to the 
arc OR is called the companion of the cycloid, but then 

a; = aO, y = a vers 0; 

or V = covers-, 

a curve of the same form as (§ 16) 

y = a cos - or v = asin-. 

DiflTerentiating in the cycloid with respect to 0, 

^ = a(H-cos0), ^ = asin0; 

. , . dy am 6 . i a 

so that -~ = r— ^ = tan W, 

dx 1 + COS0 ^ 

and therefore the angle xTP or \lr=^6; which proves 
that TP is parallel and therefore equal to OR. 

This can be seen immediately from the fact that the 
rolling circle in any position is turning instantaneously 
about /, the point of contact with DB, and therefore IP 
is the normal and TP the tangent to the cycloid at P, 
whpre IT is the diameter of the rolling circle. 

. . ds^ dx^ dy^ 

^^^'"^ W^W^d^ 

= a2{(l + COS e)2+sin20} =4a2co82|0, 

da 
so that Tm"^^^ ^^^ ^^' 

and therefore 8 = 4asin J0=4asin^ (2) 

8 denoting the length of the arc OP, which is therefore 
equal to 2TP. 



158 SUCCESSIVE 

The value of /o, the radius of curvature at P, can be 
obtained from the formula (§ 90) 

^~dxd^_d^dy^ 

dddO' de^de 

and will be found to be 4a cos ^0; but this can be 
obtained immediately from equation (2), for 

p = -j-j = 4a cos \/r = 4a cos ^0. 

Therefore PQ = 2P/, if Q is the centre of curvature at 
P, and this shows that the evolute j4.Q is an equal 
cycloid. 

For a, /8 denoting the co-ordinates of Q, then (§ 91) 
a = x — p sin \/r = a(d + sin 0) — 4a cos J 6 sin ^6 

= a(0— sin ff), 
^ = y + pco8i/r = a(l — cos0) + 4acos^J0 
= 3a+acos0; 

which proves that, as P describes the cycloid OPB, Q 
describes an equal cycloid A QB, produced by rolling a 
circle of radius a on the straight line through A parallel 
to 2)5. 

This, the first problem of an evolute, was invented 
by Huyghens, with the object of making a particle 
vibrate in a cycloid ; for if the cycloid BOB' is cut out 
of some material and divided at 0, and B'O is placed in 
the position AB, and OB in the position B^A, in a 
vertical plane with BR horizontal, a particle at O 
hanging vertically from -4 by a fine string of length 
OA will, if made to vibrate in the vertical plane of the 
figure, describe an arc of the cycloid BOB\ 
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94. The peculiarity of these vibrations under gravity- 
is that the time of vibration is the same for all arcs of 
vibration ; this property is called the isochronism of the 
cycloid. 

For resolving tangentially at P, 

|-i- = resolved part of gravity along the tangent 

= -grsiuVr=-gr|, 

if Z = 4a, the length of the string. 
Integrating with respect to s, 

supposing P to be drawn aside from through an arc 8^, 
and then let go. 

Therefore ^= J= - ^f V^«i'-«'), 

the negative sign being taken because P begins moving 

towards 0\ and 

11 r^ da 11 .8 

8 

or «=«iC0Sa/|(^-t), 

supposing T to denote the instant of time when P is let go. 
If T denotes the time of vibration from rest to rest, 

then^j(i— t) increases by tt, while t—r increases by T, 

so that 8 = 8fiOS^{t~-T), 

and T^irJK 

which is independent of 8^, and therefore the samefor all arcs 
of vibration ; which proves the isochronism of the cycloid. 
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When «j, the amplitude of vibration, is small, the arc 
of vibration in the cycloid may be considered coincident 
with the arc of the circle of curvature at 0, a circle of 
radius I and centre A ; so that the time of a small plane 
vibration of a simple pendulum of length I is thus 

proved to be tta/-, the same as the time of a semi- 
revolution in a small horizontal circle (§ 85). 

95. Harmonic Vibrations. 

If a point P describes the circle (fig. 12) with constant 
velocity in the periodic time 2T, then 

e_t^T 

supposing P is at J. at the instant of time denoted by 
t; and then 

O2f=a; = acos0=acos,W^— t). 

The point M vibrates between A and A' in the time 
T, and M is said to perform a harTnonic vibration, and 
a is called the amplitude, T the tim^ of vibration, and 
T is called the epoch, being one of the instants at 
which M is at il. 

Thus, in the preceding article, P makes a harmonic 
vibration on the cycloid. 

If a: = acos^(^— t), 

., d^x Tt^ 

^^'^ df^^^T^'"' 

so that the point M vibrates as if attracted to with 
intensity proportional to the distance from 0. 
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The small vibrations of elastic bodies producing musical 
notes are of this nature, whence these vibrations are 
called harmonic. 

Again, if 6 denotes the excentric angle of a point P on 
the ellipse (fig. 13), then 

fl5 = acosm(<— t), 2/ = 6sin7r,(^— t); 

so that the motion of P on the ellipse may be supposed 
compounded of two harmonic vibrations in directions 
parallel to Ox and Oy, 



Also 



d?x TT^ dhi 7r2 



so that P then moves on the ellipse as if attracted to 
with intensity proportional to the distance from 0. 

This case can be exhibited practically by Lissajous* 
method, as explained in Ganot's Physics (§ 278), by 
noticing the curve formed on a screen by a spot of light 
reflected from mirrors on two tuning forks in unison, 
vibrating in planes perpendicular to each other. 

Here, in the most general case, 

a: = acos^(^-T), 2/ = 6sin|(^-T0, 
with different epochs t and t ; and eliminating t. 



ah 
and rationalizing. 



t2 



the equation of an ellipse; and by gradually varying 
T— T, the difference of epochs, by putting the tuning 
forks slightly out of tune, the different figures are 
obtained in succession. 

L 
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In the analogous problem for the hyperbola (fig. 14), 

a3 = acoshu, 2/ = asinh a, 
where u = m^t — r) ; 

and then ^ = m% ^ = m^?/ ; 

so that P moves on the hyperbola as if repelled from O 
with intensity proportional to the distance from 0. 

96. Intrinsic Equation of a Curve. 

Equation (2) (§ 93) connecting s and \^ is called the 
intrinsic equation of the cycloid. 

Generally the relation 8 = f\Jr for any curve, connecting 
8 the length of any arc measured from a fixed point, 
and \fr the whole curvature of the arc (§ 88), is called the 
intrinsic equation of the curve, and was invented by 
Whewell ; the equation is called intrinsic because it is 
independent of a system of co-ordinates. 

Thus s = a'\fr is the intrinsic equation of a circle of 
radius a; and s = Zsin^ is the intrinsic equation of a 
cycloid, generated by the rolling of a circle of radius \L 

Supposing yfr continually to increase, the complete 
cycloid will be composed of a number of equal branches 
coming to a point on the straight line DB in what are 
called cusps (fig. 28, i.). 

More generally the curve whose intrinsic equation is 

5 = Z sin mi/r 
will consist of a number of equal branches with equidistant 
cusps now arranged on a circle. 

If m < 1, the curve lies outside the circle of cusps, 
and is an epicycloid — that is, the curve described by a 
point on the circumference of a circle rolling outside 
a fixed circle (fig. 28, ii.). 
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If w, > 1, the curve lies inside the circle of cusps, 
and is a hypocycloid — that is, the curve described by a 
point on the circumference of a circle rolling inside a 
fixed circle (fig. 28, iii.). 




OJ 




(ii) 



(III) 



Flg.28 



If 8 — (\lr is the intrinsic equation of a curve, then 

ds «, 

is the intrinsic equation of the e volute (§ 92), measuring 

a- from the point where -j . = ; and conversely 

8=/{yJ^dylr + a 
is the intrinsic equation of an involute. 

For instance, if 8 = 1 sin m^, 

then a- = 7,- = ^^^ cos mylr, 

d\fr ^ 

which proves that the evolute of an epi- or hypo- 
cycloid is a similar epi- or hypo-cycloid. 

Also 8=ia\f/^ is the intrinsic equation of the involute 
of a circle. 
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Examples, — Prove that 

(1) 8 = |a(sec*'i/r— 1) is the intrinsic equation of the 
semi-cubical parabola (ex, 1, p. 95) ; 

(2) 8 = fa sin 2\/r of ic'+2/' = a* (ex. 3) ; 

(3) 8 = atan'i/r, of the catenary (ex. 4); 

(4) 8 = a logsec-^, of the tractrix (ex. 5); 

8 tJC 

(5) ^=gd -, of the curve 2/ = a log sec (ex. 6) ; 



(6) 8=4asin J>/r, of the cardioid (ex. 8). 



8 



(7) Draw the curves (i.) 8 = ZsinJi^, (ii.) \/r = msin- 



82 



8 



8 



(iii.) i/r = m sin -2> (iv.) \^= +msinr. 
(Whewell, Cambridge Phil. Trans,, vol. 8.) 

97. Circle of Curvature, — Another way of obtaining 
the circle of curvature at a point P of a curve is to 
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Fig.29. 



regard it as the ultimate position of the circle which 
touches the curve at P and cuts the curve again at a 
consecutive point P', when P' is moved up to coincid- 
ence with P. 



I 
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For example, suppose the curve is a conic section, say 
an ellipse (fig. 29), and let the circle cut the ellipse 
again at Q. 

Produce QP' to meet the tangent at P in T ; then from 
the property of the circle 

TP2 = TP'.rQ; 

and from the property of the ellipse 

TP^ _ CL^ 
TF.TQ'CE^' 

where CD, GE are the semidiameters of the ellipse parallel 
to TP, TQ. 

Therefore OD=GE, and CD, GE therefore make 
equal angles with the axes of the ellipse ; as also 
TP, TQ. 

Now let P' approach to coincidence with P ; the circle 
becomes the circle of curvature at P, and TQ becomes 
PVy the common chord of the ellipse and its circle of 
curvature, which therefore is equally inclined with the 
tangent PT to the axes. 

Hence to construct the circle of curvature of an 
ellipse at P, draw the tangent PT and then the chord 
PV equally inclined with PT to the axes ; P V will be the 
common chord of the ellipse and its circle of curvature ; 
draw VU at right angles to PF to meet the normal at P 
in Uy then PU will be the diameter of curvature at P. 

The same construction holds for the parabola and 
hyperbola 

Also PF=ltrQ = lt^, 

a relation which gives the chord of curvature PF in any 
direction and for any curve. 
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98. Evolute of the Parabola. 

Let aj, y be the co-ordinates of a point P on the 
parabola y^ — 2lx ; and let a, /3 be the co-ordinates of Q, 
the centre of curvature at P ; to determine the locus of 
Q, the evolute of the parabola (fig. 30). 




Flg.30 



Differentiating the equation of the parabola with 
respect to x, 

and differentiating again 

da? y^ dx ^" 
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Therefore (§ 91) 



1 + -2 3 

and y-fi= f = i2+y. 

Conversely x^Ka — l), y= — (PP) ^ ; 
and since y^ = 2lx, 

therefore Z*/3* = %l(a - 1\ 



the equation of the evolute, which is therefore a semi- 
cubical parabola (§ 61). 

Al8o «-V-^-_(^±S^)* 

Also p — p — p , 

the negative sign appearing because -r^ is negative; 
therefore, changing the sign, 

the normal at P meeting the axis of the parabola in G. 

As an exercise, prove that the radius of curvature at 
P is 2PiJ, where R is the point where the normal at P 
meets the directrix of the parabola. 



/l 
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\ I 
Prove also that the evolute catji the parabola at points 

which are the centres of curvatuf ^ at aj = i of the parabola. 

The arc of the evolute 

which can also be expressed in terms of x, or a, or ^8. 

This explains why the semi-cubical parabola can be 
rectified (§ 61), and in fact this was the first curve of 
which the rectification was effected algebraically. 




Fig.31 

99. Evolute of the Ellipse and Hyperbola, 
Take 0, the excentric angle, as the independent variable 
in the ellipse (§ 55), then 

x= acos0, 2/= 6sin0; 



dx . ^ dy 



= 6 COS ; 



^=-acos0, ^^^=-6sina 



\ 
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Then ^- J^e+^^o^f 

^ '^ ab 

if p denotes the length of the perpendicular Y drawn 

from the centre on the tangent at P (fig. 31). 

Denoting the angle AOYhj w, then 

A dx a. ^ 

tan 0)= — ^7- = J- tan : 
ay 

__ a sin _ b cos 6 

Therefore 

a2sin20+52cos20 ^ 
a; — a = p cos (0 = cos 9 

= a cos cos^0, 

a= cos*0 = r— ^ ; 

^ . a^sin20+ 6^008^0 
2/— p = /o8inft)= r sin0 

= b sia 0H T — sin^0, 

Therefore aa = (a^ - 62)cos30, 6^ = - (a^ - 62)sin30 . 
and eliminating 6, 

the equation of the evolute of the ellipse. 

Similarly the equation of the evolute of the hyperbola 

a* 62 --^> 
is (aa)*-(6/8)^ = (a2+&')'. 
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As an exercise, prove that the radius of curvature at 
P of the ellipse or hyperbola, as well as of the parabola, 

is -f2~> where I is the semi-latus rectum and G the point 

where the normal meets the axis of x. 

Employing the variables ^, j; of § 29, then for the 

ellipse, 

cos^^ o sin^^ 

a = c — r^, B= — c . , ^ . 
cosh ri '^ sinh fj 

Now the equation of the tangent of the ellipse being 

cos ^ sin ^ _ 

cosh jy ^sinh fj~ * 

and the equation of the confocal hyperbola being 



cos^^ sin^^ 

therefore (a, /3) is the pole of the tangent of the ellipse 
with respect to the confocal hyperbola. 

Hence to find Q, the centre of curvature of the ellipse 
at P, produce the tangent of the ellipse to meet the 
confocal hyperbola in jB, and bisect PR in V; VO pro- 
duced will meet the normal to the ellipse at P in Q. 

A similar construction will give the centre of curvature 
at P of the confocal hyperbola. 

100. Envelopes, 

Since the normal to a curve is a tangent to the evolute 
(§ 92), the evolute is called the envelope of the normals, 
and the equation of the evolute is usually most readily 
determined from this consideration, since the point of 
intersection of the normal at P with a consecutive normal 
is ultimately Q, the point of contact of QP on the 
evolute (tig. 26), and also the centre of curvature at P. 
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For instance, the equation of the normal to the ellipse 
at a point whose excentric angle is Q is 

aa;sec0 — fcycosecS — a2+fe2 = o (i.) 

Denoting this equation by F0 = O, then, as explained 
below, to find the point of ultimate intersection of thi& 
normal with the consecutive normal, we must determine 
X and y from the equations 

F0 = O,andF'0 = O; 

and the equation of the evolute is obtained by eliminating 
Q between these equations. 

Here YQ = ax sec 6 tan 6+by cosec 6 cot = (ii.) ^ 

and from (i.) and (ii.), 

ax = (a^ - 62)cos30, 6t/ = - (a^ - b^)sm^e ; 

giving the co-ordinates of the centre of curvature; and 
eliminating 6, 

(ax)^ + (by)^ = (a^ - ¥)^, 

the equation of the evolute (§ 99). 

Generally if F0 = O denotes the equation of any curve,, 
involving x and y and a parameter 6, as it is called;, 
then by varying 6 a series of curves is obtained; keeping 
6 constant, a particular curve of the series is obtained. 

To find the points of ultimate intersection of the 
curve F6=0 with a consecutive curve of the series, 
suppose 6 to receive a small increment Ad; then we 
must find xaxidy from the equations 

Fe = O,andF(0+A0) = O, 

where A6=0, ultimately; 

or, which is the same thing, from the equations 

¥0=0. and It ^^^+^^^"^^ =0, or ¥'0=0. 
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The locus of these points is called the envelope of the 
series of curves, and its equation is found by eliminating 
S between the equations 

F0 = O, aiidF'0 = O. 

This curve is called the envelope of the series, because 
«ach curve touches the envelope where it intersects the 
consecutive curve of the series. 

For, take three consecutive curves of the series defined 
by the parameters 0+AO, Q, and 0— A0; and suppose 
the first and second to intersect in P, and the second and 
third in P' ; then P, P' are two consecutive points on the 
envelope, and also on the curve F0 = O, and therefore 
ultimately the envelope and a curve of the series have 
the same tangent where they meet. 

Familiar instances of envelopes of straight lines, besides 
evolutes, are seen in Optics with caustic cut^es, the 
envelopes of rays reflected or refracted at given curves 
or surfaces. 

Thus: (i.) The caustic of rays reflected by a circle, 
emanating from a point in the circumference of the 
circle, is a cardioid (ex. 8, p. 96) ; 

(ii.) the caustic of rays refracted by a plane, emanating 
from a point, is the surface formed by the revolution of 
the e volute of an ellipse or hyperbola. 

Examples. — (1) Find the envelope of a straight line of 
given length c, which moves with its ends on the co- 
ordinate axes. 

If the straight line makes an angle Q with the axis of 
Xf its equation is 
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c COS c sin Q ' 
or ajsec0+2/cosec0 = c. 

Differentiating with respect to Q, 

X sec 6 tan 0—2/ cosec 6 cot 0= 0, 
and therefore x=c cos^0, y = c sin^0 ; 
and eliminating 6, 

9 3 8 

(2) Find the envelope of the parabolas of § 84. 
Supposing the variable elevation, then 

and therefore the envelope is 

y^2g 2F2' 
the equation of the parabola HQ (fig. 23). 

(3) Prove that the envelope of the ellipses (§ 95) 

is x= ±a,or y= ±b. 

(4) Find the envelope of the ellipses 

x'^ v^ 

-5+f^=l, where a+6 = c, a constant. 

Supposing a and 6 to be functions of some independent 
variable t, then to find the envelope, dififerentiating with 
respect to t, treating a and b as variable, 

x^ da v^ dh ^ , da . dh ^ 

Multiplying the second equation by some undetermined 
rmUtiplier X, and adding it to the first equation, 
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Now suppose X chosen, so that 



y 



2 



?-+X = 0, thenf3+X = 0; 
a;2 y^ 



and therefore -^ + ^ + x(a + 6) = 0, 



or 



1+Xc = 0, X= — . 

c 



Therefore 
and since 

therefore 



a+b = c, 

the equation of the envelope. 

(5) Prove that the envelope of the curves 



■ffn+n 



101. Maoci/tna and Minima, 

One of the most useful applications of the Calculus is 
the determination of the maxirmbm or mini/mum value 
of a function y or ix of a variable quantity x. 

Suppose the curve y = ix is drawn (fig. 32) ; then an 
inspection of the figure shows that the tangent to the 

curve is parallel to the axis of x, and therefore ■—- or 

ra;=0,at points on the curve where y has a Tnaodmum or 
Tnimimurri value. 

The roots of the equation Tic = will be the abaciasce of 
these points, and will give the values of a? which makes y 
a maximum or minimum. 

To distinguish whether the corresponding value of y 
is a maximum or minimum, we notice that as x increases, 

-^ or tsjixlr is diminishing when y is a maximumy and 
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then -T-^ is negative; but -j- is increasing when y is 
Tninvmum, and then -r-^ is positive. 



a 




Fig.32. 



This can easily be seen, with different letters, from 
dynamical considerations ; for the velocity -^ is positive 



dt 



dx . 



when X is increasing, but -^ is negative when x is 

djX 
diminishing; also the acceleration -^^ is positive when 

dnXj d X 

the velocity -r: is increasing, but -jr^ is negative when 

-^ 18 diminishing. 

As X increases continuously, the maximum and minimum 
values of y must occur alternately, because y after reach- 
ing a maximum value must diminish to a minimum value 
before increasing again to a maximum. 
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Examples.— (1) If y = 2a?-9x^+12xS, 
the equation of the curve of fig. 32 ; 

^=6aj2-18ic+12 = 6(aj-l)(a;-2) = 0, 

when £c = l, or 2 ; and 

g=6(a:-2) + 6(a:-l). 

cPy 
(i.) When x = ly j^^ "^' *^^ y=2, a maximum; 

(ii.) when x = 2, 77^= ^> ^^^ y=l> a minimum. 

(2) liy—x—a^, when i»= J, 2/ = i, a maximum. 

(3) Prove that y=ix^~'Sa?+6x has no maximum or 
minimum value. 

(4) Jiy = (l+x^)(7-a^f, 
when 03 = 0, 2/ = 4j9, a minimum; 

aj = l, ^ = 72, a maximum; 
x==jI/7, 2/ = 0, a minimum. 

,5) If i-'^^^l 

when cc = 3 — >^2, y is a maximum ; 

when x=3 + ^% 2/ is a minimum. 

(6) If y='^^~\, 

^ ^ ^ X^ + iC — 1 

when a;=0, y= —1, a maximum; 

when aj = 2, 2/ = I , a minimum. 

(7) Determine the maximum and minimum values of 

__ ax^+2bx+c 
y^Ax'+'lBx+C 
This can be done algebraical!}-, by solving this equation 
as a quadratic in x, and determining the limits of y from 
a consideration of the expression under the radical. 
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(8) Determine the maximum and minimum values of 
y, when x and y are connected by the implicit relation 

(§ 15) 

Q?'-'^axy+y^ = 0. 

Forming the first derived equation 

3aj2 _ Zay - Sax^+Sy^^ = ; 

then ^=0,ifaj2-at/ = a 

Combining this with the implicit relation we obtain 

To find the corresponding value of -r-f , foim the second 

derived equation, but omitting terms involving ~j^, since 
they vanish ; therefore 



or 



dx^ ^ da? 
d^y 2x 2 



da? ax—y^ a 

so that the corresponding value of j/ is a maximum. 

Similarly, by differentiating with respect to y, equating 

dx d?x 

^ to zero, and examining the sign of -,— g* we find that 

when y = a^2, x has the maximum value a^/*. 

These considerations are sometimes useful in drawing 
a curve whose equation is given as above. 

(9) If xy(x — y)=^2, determine the maximum and 
minimum values of x and y ; also if 

M 



J ^ -» J .•• !r 
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(10) Determine the greatest rectangle which can be 
inscribed in a given isosceles triangle. 

Let ABR be the given isosceles triangle (fig. 33) and 
let a denote the altitude OA and 26 the base BB' ; and 
X the height and 2y the breadth of the inscribed rect- 
angle PNN'F. 

Then -+|=1, 

a . , 

since P lies on the straight line AB. 




Pifir.33. 



Also, if u denotes the area of the rectangle, 
u = 2icy = 2xb{l - ^) = 2h{x -^. 

and 



du 



dx 



= 26(l-2^) = 0. 



when 



^ = K2/ = i^; ^^^*^®^ d^'^^^a' 



so that u=^ab, a maximum. 

(11) Determine the greatest cylinder which can be 
inscribed in a given cone. 

Suppose the preceding figure to be made to revolve 
round the axis of x, and describe a cone of altitude a 



» * V 



.' . '^ 
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and radius of base 6 ; also a cylinder of altitude x, and 
radius of base y. 

Then the volume of the cylinder 

and , ^=^62J(i_^V2?(i_^)l 

ax I \ a) a\ a/ ) 

= .6^(l-|)(l-3?) = 0. 
when ic = a, or a; = \a. 

(i.) When a; = (x, -1-2= Stt- ; and F=0, a minimum; 

(ii.) When a;=ia, -7-^=— 27r— ; and 

4 4 

F= -—^Trah^^K volume of the cone, a maximum. 
5i7 9 

(12) Determine the cylinder of greatest curved surface 
which can be inscribed in a given cone. 

With the same notation as before, the surface S= 27rxy, 
and therefore, as in Ex. 10, fif is a maximum when 

(13) Determine the greatest cylinder which can be 
inscribed in a given sphere. 

Here the volume V=2'7rxy^, where y^ = a^ — x^; so that 

V=2Tr{a^x — x^); 

(IV 
and ^- = 27r(a2-3a;2) = 0, 

when x^ = Ja^ x = Ja^3 ; and then 

F= ^M^'i-n-a^ = \s/^ volume of the sphere. 
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(14) Determiue the cylinder of greatest curved surface 
which can be inscribed in a given sphere. 

Here the surface 

8 = 4tirxy = 4iTrXj^(a^ — x^). 
We can rationalize S, and omit constant factors, and 
determine the maximum value of this quantity. 
Let u = a?{a^ — a^), 

then $^ = 2a2ic-4aj3 = 0, 

dx 

when x^=la\x = \a^^ ; 

and then ^-s = — 4a^ ; 

so that u and therefore /S is a maximum when x— \a^^y 
and then S=2xa^ = J surface of the sphere. 

(15) Prove that the volume of the greatest cone which 
can be inscribed in a given sphere is -^j of the volume of 
the sphere. 

(16) Determine the proportions of a cylinder of given 
volume open at one end, in order that the surface should 
be a minimum. 

(The length equal to the radius of the cylinder.) 

(17) Determine the proportions of a cylinder of given 
volume, closed at both ends, in order that the whole sur- 
face should be a minimum. 

(The length equal to the diameter.) 

(18) Determine the proportions of a cylindrical tin 
canister to have a maximum volume for a given amount 
of metal, supposing the ends doubled down to overlap 
cylindrically (i.) a given distance, (ii.) a given fraction of 
the length of the cylinder. 

(The diameter equal to (i.) the diflFerence, (ii.) the sum 
of the lengths of the cylinder and of the ends.) . 
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(19) Prove that in a conical cup, of given surface and 
holding the maximum quantity of water, the height is ^^2 
times the radius of the rim. 

(20) Prove that, according to the regulations of tlie 
Parcel Post, which require the sum of the length and girth 
of a parcel not to exceed 6 feet — 

(i.) The greatest sphere allowed is about 17f inches in 
diameter, and a little over IJ cubic feet in volume; 

(ii.) The greatest cube is 14| inches long, and nearly 
If cubic feet in volume ; 

(iii.) The greatest rectangular box is 2 feet long and 
1 foot square, and 2 cubic feet in volume ; 

(iv.) The greatest parcel of any shape is a cylinder, 2 feet 
long, and 4 feet in girth, and over 2| cubic feet in volume. 
{Rev, W. A , Whitworth) 

(21) Determine the most economical speed in fuel of a 
steamer against a tide, supposing the resistance to vary 
as the n*^ power of the velocity through the water. 

Let a denote the velocity of the tide, x the velocity of 
the steamer through the water; then x — a will be the 
velocity of the steamer relatively to the land. 

The power required and therefore the coal burnt per 
hour will vary as the product of the resistance and the 
speed, that is, as a;"''"\ and therefore the coal burnt per 
mile will vary as 



x—a 

By the ordinary rule, this is a minimum when 

n + \ 

X = a, 

n 
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102. In finding maxima and minima, exceptional cases 
sometimes occur, where for a certain value of ic, not only 

^ = 0, but also f '^ = 0, S=0, .... 
ax dor da? 

In such c&ses it is generally simpler to notice that if 
X increases continuously, -r- changes sign from positive 

to negative as y passes through a maximum value, and 

dii 
.- changes sign from negative to positive as y passes 

through a minimum value; but if -r- does not change 

sign, y is neither a maximum or minimum. 

Sometimes also y has a maximum or minimum value 

when ^ changes sign by passing through the value 

infinity ; but these cases require special investigation, 
and are conveniently solved by tracing the curve whose 
equation is y = fx. 

These cases are represented graphically in fig. 34. 

At A, y has a maximum, and at B, a minimum value. 

At C, T- = 0, but does not change sign, so that y is 

neither a maximum or minimum, and C is called a point 
of inflexion on the curve. 

At D, -1^ = oo , and changes sign from positive to nega- 
tive, so that y is a maximum, and D is called a cusp. 
At E, y = x) , and -^ = x , but does not change sign, 

and y changes sign from — oo to +oo on crossing the 
osyTnptote, 
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At ^, 2/ = oc, and ^ = 00 , and changes sign from posi- 
tive to negative, and y has an infinite maximum value. 




Fig. 34. 



dy X. 



At (?, ^ is discontinuous, and changes abruptly from 

a negative value to a positive value, and 2/ is a minimum. 

At H, y has a maximum value, but —- does not 

vanish. (De Morgan, Diff, and Int. Calculus, p. 45.) 
Examples. — (1) If y^x^^-ox^+Sa?, 

then ^ = 5ic* - 20a:3 +Ua^ = 5x%x - l)(cc - 3) = 0, 
when ir = 0, or 1, or 3. 

When x = 0, -=-^ = 0, and -— does not change sign, so 
that y is neither a maximum or minimum, as at C. 

When a;=l, -t4= ~1^> ^^^ 2/=l, a maximum; and 



dx' 



cPy 



when a; = 3, ^ = 90, and 2/= —27, a minimum. 
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then ^ ~ ^' vfh&n aj = 1, or 2, or 3. 

When a?=l, -r- changes from positive to negative, and 

^ is a maximum ; when a? = 2, f- does not change sign, 

and y is neither a maximum or minimum ; similarly "when 
a; = 3, 2/ is a minimum. 

(3) If 2/ = a;-(a-a;)", 

then -^-=or'\a-xY-^{ma''{m+n)x} =0, 
when ir=0, or — ; — . or a. 

When 03 = 0, -j^ changes sign from negative to positive, 

if m is even, and y is then a minimum ; but ^ does not 

change sign if m is odd, and then y is neither a maximum 
or minimum. 

Similarly when a; = a, 2/ is a minimum if n is even ; y is 
neither a maximum or minimum if n is odd. 

Therefore the intermediate value of x= — - — makes y 

m+n ^ 

a maximum. 

(4) If y=a-b(x-c)i, 

then -^= c», when x=c, and changes from positive to 

negative, so that jy = a is a maximum, as at D (fig. 34). 

(5) If 2/ = (aj*+l)(a;-7)2, 

^ = fa;~V-l)(a^-7)(4aj*+4a;*+7). 
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When x = 0, ^= oc, and changes from negative to 

positive, so that j^ is a minimum. 

When x = l, ~j^ = 0, and y is a, maximum ; and when 
x = 7, y 18 a, minimum. 

103. Some maximum and minimum problems, which 
would be very complicated solved otherwise, can be 
solved very simply from the consideration that the suc- 
cessive values of a function are equal when the function 
is a maximum or minimum. 

Thus to determine the maximum or minimum area cut 
off from a conic by a normal chord PR (fig. 35), suppose 




Fig.35. 

PR and the consecutive normal chord P'JR' to cut off 
equal areas, then the area PQP'= area RQR\ if Q is the 
point of intersection of PR and P'R' ; and therefore Q, 
which is ultimately the centre of curvature at P, is then 



186 SUCCESSIVE 

ultimately the middle point of PR ; so that PR is the 
diameter of curvature when it cuts off a maximum or 
minimum area; and then PR makes an angle Jtt with 
an axis of the conic (§ 97). 

Again, to determine the point P, such that the sum of 
its distances from three given points -4, 5, is a minimum ; 
suppose, firstly, that the sum of the distances from two of 
the given points, B and (7, is given ; then P is constrained 
to move on an ellipse of which B and G are the foci ; and 
then the distance AP is a minimum when AP is a nor- 
mal to this ellipse, and therefore makes equal angles with 
BP and CP, 

Therefore, by symmetry, AP, BP, and CP make equal 
angles of 120'' with each other when AP+BP+GP\s a 
minimum. 

In the same way it may be proved that a triangle 
DEF inscribed in a triangle ABG has a minimum peri- 
meter when FD, DE make equal angles with BG, DEy 
EF with GA, and EF, FD with AB-, and then D, 
E, F are the feet of the perpendiculars drawn froni 
A, B, G on the opposite sides BG, GA, AB of the 
triangle ABG, 

Again, to find the maximum triangle with given base 
and given vertical angle, since the vertex in this case is 
constrained to move on the arc of a circle, the area will 
be a maximum when the altitude is a maximum, and the 
triangle is then isosceles. 

Suppose it is required to determine the path APB of a 
ray of light from -4 to -B which shall take the shortest 
time, supposing the velocity of light to change from 
V to v' in crossing the curve PP* (fig. 36). 
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Then from the consideration that the time in a con- 
secutive path AP'B is the same as in APB, 

Pq_Pr 




A I B 

Fig.36. 

ultimately, where P'g, PV are the perpendiculars from F'' 
on AF and FB ; and therefore 

'y _, Pg'_sin^ 
V Ft sm ^ 
where i, i' are the angles -<1P, FB make with the normal 
to the curve FF' at P. 

In this manner Fermat proved the law of the refrdction 
of light. 

Some geometrical problems of maximum and minimum 
can by projection (Salmon or Smith's Conic Sections) be 
made to depend on a simpler problem, the solution of 
which is intuitive. 

Thus to find the maximum ellipse which can be 
inscribed in a triangle, or the minimum ellipse which 
can be described about a triangle, project the triangle 
orthogonally into an equilateral triangle ; the maximum 
inscribed ellipse is then the inscribed circle, and the mini- 
mum circumscribed ellipse is the circumscribed circle. 
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The problem of finding the maximum rectangle which 
can be inscribed in an ellipse, or the maximum rect- 
angular parallelepiped which can be inscribed in an 
ellipsoid, is thus by projection reduced to the correspond- 
ing problem for a circle and a sphere, the solution of 
which is a square and a cube. 

Sometimes mechanical considerations are useful in 
determining maxima and minima; thus the celebrated 
problem of the shape of the cells of bees, for the greatest 
economy of wax, is seen to be the same problem as the 
arrangement of the capillary films of an aggregation of 
regular soap bubbles, which tend to arrange themselves 
so that the surface is a minimum. 

The surface tension being uniform, three faces will 
meet in an edge at equal angles of 120^; and the comers 
or summits will be formed by the meeting of four or 
€ight edges, so that the simplest and most regular elemen- 
tary cell is a rhoTnhic dodecahedron (vide a paper by 
Mrs. Bryant, D.Sc, read before the London Mathematical 
Society, March, 1885). 



CHAPTEK IV. 

EXPANSION OF FUNCTIONS. 

104. Taylors Theorein and Madaurin's Theorem. 

In Algebra and Trigonometry the Binomial and 
Exponential Theorems are established, by means of which 
it is shown how to expand (a+aj)"*, a*, e*, log (1 +x), sin x, 
cos a;,... in ascending powers of x; and we shall now 
show that all these and similar expansions are particular 
cases of one general Theorem called Taylor's Theoi'em, 
by means of which any function whatever can be 
expanded. 

Taylor's Theorem is due to Brook Taylor, and waJs 
given by him in his '* Methodus Incrementorum Directa 
et Inversa'' in 1715. 

The Theorem asserts that if ((a+x) is expanded in 
ascending positive integral powers of x, then 

f(a+x)={a+x{'a+1-.ra+%{'"a+... + -~^''a+... 

A; o\ 71-1 

For assume that 

f{a+x)=A^+xA^+x^A^+a^A^+...+x''An+..' 
where the A's are functions of a only, and do not con- 
tain x. 
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First put ic = 0, then fa = J.^. 

Next differentiate successively with respect to a;, and 
put ic = after each differentiation; then 

i\a+x) = A^+2xA^+ , ra= A 

r(a+ic) = 2! ^,+2.30:^3+ ,ra=2lA^ 

r\a+x) = SlA,+ ,ra = 3!^, 




f"(a+ic) = n!^„+ , fa = w!<. 

Therefore 

A^={ay A^=fa, A^ = ~^raf A^= ,r,f'"a, and generally 

nl 
Therefore 

f(a+aO = fa+ajfa+Jjra+|^ra+ +Sf'*«+ 



which is Taylor's Theorem. 

As a simple illustration, consider the example of sup- 
posing fa = a"*, then fa = ma"*"\ fa = m(m — l)a"*~^ ; 

and therefore 

= a"'+ma'~-'a;H ^^ — ^a"*"V+ , 



the Binomial Theorefm. 

Symbolical Form of Taylor's Theorem, 

The expansion may be written 

x/ . X /i . d x^ d? ^a^ d? ^ X- dr ^ \ 

f(a+«,)=^l+a,_+__^+- _+...+- ^, + ...jfa, 



FUNCTIONS, , 191 

d 
and treating the operator ^ as an algebraical quantity, 

this is equivalent to 

which is called the symbolical form of Taylor's Theorem. 

Maclaurin'a Theorem, 
Suppose a = 0, then 

fo=fi)+a:ro+f,ro+^ro+ +fif"0+ 

^: Ol it. 

which is called Maclaurin's Theorem, but this theorem 
was first given by Stirling in 1717. 

The meaning of f"0 is that (x must be differentiated 
n times with respect to x, and then x put equal to 
after the differentiation. 

In Taylor's Theorem f{a+x) is expanded in ascending 
powers of ic, a part of the whole argument a+o:; of the 
function {(a+x) ; in Maclaurin's Theorem tx is expanded 
in powers of x, the whole argument of the function of x. 

We might have proved Maclaurin's Theorem first in the 
above manner in which Taylor's Theorem was obtained, 
and then have derived Taylor's Theorem by putting 

fx = F{a+x); 
and then differentiating n times with respect to x, 
raj = F"(a+ic) ; and putting x = 0, f"0 = F"a. 

Substituting in Maclaurin's Theorem, 

/y»2 /*»« 



F(a+x) = Fa+xTa+^,F''a+ + ~j¥"a + 



which is Taylor's Theorem. 

In fact the two theorems of Taylor and Maclaurin are 
the same when considered geometrically &s the equation 
of a curve with different origins on the axis of x. 
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105. Application to ike Expansion of Functions. 

(1) Let (x = sin aj, then fO = ; 

also P*a; = (-!)• sin aj, and r" = 0; 

r"+ix = ( - 1)" cos X, and P"+^0 = ( - 1 )". 
Therefore, by Maclaurin's Theorem, 

a? x^ . (-l)"ic'^+^ . 

3i o! (2ii + l)! 

(2) Let ix = cos oj, then fO = 1 ; 

Pic= (-l)"cosa;, andf^ = (-l) ; 
P'+iic= -(-l)'*sina;, and f^+^0 = 0. 
Therefore, by Maclaurin, 

, aj2 aj* . ( -1)V^\ 

(3) Let fa; = e*, then fl) = 1 ; 
also f"a: = 6', andf"0 = l. 

Therefore 

e'-l+a;+^+ + . + 

Changing x into caj, 

e''=l+c«;+^+ +^+ 

Again, suppose 

faj = a*, thenf0 = l; 

f "a; = a*(log a)\ and f "0 = (log a)". 
Therefore 

a' = l+a;loga+ 2T "^ + ^ J ^ + 

This expansion is the same as the preceding, if c = log a, 
since a*=e*^"»". 

(4 ) sinh X = J(«' — 6"*) 

~^ + 3!'^5!"'" "^{271+1)!"^ 
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(5) cosh a? = J(e* + e"') 



= ^4+1+ +^!+ 



These expansions might have been obtained independ- 
ently by Maelaurin's Theorem. 

(6) Let 

f(l+aj) = log(l+aj), then fl = 0; 



1^ 



r{\+x)=- rrv^2'> fl=-l; 



Therefore by Taylor's Theorem (here a=l) 



We cannot expand logaj in ascending powers of x, 
because if fa;=logaj, then fO, f'O, f"0, ... are all infinite; 

the same remark applies to exp ( — V exp ( — A... 

(7) Then from the preceding expansion, 



106. Some expansions can be derived from others by 

differentiation or integration ; thus 

d sin a; , d sinh x 
cosa;= — -J — , coshaj= — -j , 

giving the expansion of cos x or cosh x when that of sin x 
or sinh x is known. 

N 
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Again, by integration, 
log (1 +*) =J'^=Jl\ +x)-'dx 



a dj Qj Ou 



And tanh 



,Tpc _ Tadx 



=/a+r.+i:+ x^ 



X . a? x^ 



Za? ' oa^ 



Qjdx 
Also tan ' ^- = /-tt-. — g 






a? . x^ 



_rn x^x^ \, _x }_,^ 



which is called Oregorie's series. 

SimUarly, 8in->|=/^^^J^=^(l-^5 cir 

^^ 

y \ ■•'2 tt^'''2.4. a* ''"2. 4. 6 a'"*" Ja 



= ^4.1 ^_lLl^ 0?^ 1.3.5 x^ 
a^2 3a^"^2.4 5a^"^2.4.6 Ta^"^ ' 



(Zoj ic 1 a;^ . 1 . 3 a;^ 



J • l« 1 / wtJU X A. X X , 

and sinh- -=y ^^^2 _^^2) = -~2 3^3+2:4 5a' 

To expand a rational algebraical function, we may 
resolve it into partial fractions, (§ 39), and expand each 
of these in ascending powers of a? by the Binomial Theorem. 

When only a few terms at the beginning of a series are 
required, they may often be readily obtained by a combin- 
ation of the expansion of the constituents of the function. 
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Examples. — (1) Find the first four terms in the expan- 

sion in ascending powers of x of (i.) (a;-a)(a?-6)(a;-c) ' 

(ii) ^secx, (iii.) exp(a tan-'oj), (iv.) 6***sina;, (v.) e^^cosaj, 
(vi.) (cos a;)", (vii.) (coshoj)", (viii.) tanaj, (ix.) sec 05, 
(x.) a? cot 05, (xi.) ajcosecaj, (xii.) {l+x)x. 

For instance (vii.), 

(cosh.)-=(l+5+g+.^+ )" 

=M-,^i+^^ ) 

^ n{n-l){n-2) /x^ ^ \^_^ 

(2) Prove that 

6* *^ «cos(aj sin a) = 1 + aj cos a + ^, cos 2a + « , cos 3a 

+ + -iCOStia+ 

(3) e^'cospo? = 1 + oa; H — ^-cos2a(seca)^ + -^rT-cos3a(seca)^ 

(x"a;** 
+ +-;;7-j-cos7ia(seca)"+ , 



n\ 



where tana = -. 

a 



a^a? 



(4) cosh oa; cos />a;=l+ ^yCos2a(seca)^ 

+ -j-fcos 4a(sec a)* + . . . + -g-j- cos 2na(sec a)^" + 
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107. BemovMi*8 Numbers. 

In the expansion of tan x, cot x, cosec cc, tanh x, coth x, 
cosech X, the coefficients involve certain numbers called 
Bernoulli's numbers, which are thus defined. 

Suppose i^ J^i ^^ ^i + ^^ 

to be expanded in ascending powers of x ; then only even 
powers will occur, because the expression is an even 
function of x, being unchanged when —a? is written for 
X (§ 50). 

Writing the expansion in the form 



then £p B^ ..., -B^ ... are called BernoulWs NuTrthers. 
With our notation (§ 28) 

h^:^_l = h^ coth|a?, . 
so that, changing ^x into x, 

a;cotha!=l+52*B,-|:2*5,+ ...+(-l)-'|^2S!52+..(i.). 

Again, changing x into ix, then (§ 28) 
iajcothiaj=ajcotaj 

or cota!=^-|2>'£,-^2*£,-...-^W- (ii.). 
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Now tan a; = cot a;— 2 cot 2 a;, so that 

tana!=| 22(22-1)5,+^ 2«(2*-l)5,+... 

^^V(2--1)B.+ (iii.); 

and therefore changing x into ix, 

tanha:=j22(22-l)5,-^2*(2*-l)5,+ ... 

M-Vr'''^^^'^ir-'^)Bn+ (iv.). 

Again, 

cosecaj = tan |aj+cota;, 
so that 

cosec a!=l+| 25,+^ 2(2»- 1)5,+|J2(2»- l)5,+...(v.). 

and therefore 

co8echa;=^-|25,+^2(2''-l)B,-|*2(2M)£,+..(vi.). 

The first nine numbers of Bernoulli are 

R -1 7J _Jl r -ii R - I R -A R - ^^^ 
^1 - 6' ^2 - 30' ^8 - 42' ^* - 30' -"o ~ 66' « ~ 2730' 

„_7 p _3617 „ 43867 
■^T-g.^s- 510 '^9- 798 * 

Resolving sin x into factors (ex. 94, p. 58), 

sina,=a=(l-J)(l-^)(l-j^) 

and taking logarithms, 

logsinaj=loga;+log^l-^j+log^l-^j 

+l<>g(l-^) + ' 

and expanding the logarithms (§ 105), 
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log sin a; = log oj - ^^^-^^^+^^2+ / 

?!L/i4.L4.i-L \ 
■"'27rV 2* 3' / 



•*' or 

riTT^-^ 

where ^p=^+^+'^+ 

Differentiating 

X IT IT IT 

SO that^ comparing with equation (ii.), 

Similarly resolving cos x into factors, and taking 

logarithms 

cc^ / 1 1 \ 

l0gC0Si»= ''^^2\}+^ + p+"') 

""^W^^'"" 

where ■^p'^^'^^p'^S^'^ 

But /S,-n = |A' 8^ that 2;=^ 8^; 

and differentiation will give the expansion of tan x. 

Suppose sec x expanded in ascending powers of x ; then 
since sec x is an even function of x, only even powers of 
X will appear ; and then if the expansion is 
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x^„ . x^ 



8ecaj=l + -J?2+-A; + (vii.), 

j&2» E^ 8.re called Euler's numbers. 

1 "^ sill. 33 

If we resolve ■= -, — into factors, and diflTerentiate 

1 — sm X 

logarithmically as before, then, since 

1 d 1 l+sina? 

2 ax ° 1— sina; 
we shall find 

For, resolved into factors, 

1 + sinaj . Jl , 1 \ 
1 — since \4 2 / 



and therefore 



K'-l)0-£)('-i) f 



, , l+sina; 2a;/, 1,11, \ 



2a;» / 11 1 \ 

^^ 5771-^8^^^ - 38 + p - 78 ^^ • • 7 

_2a^ 



and the coefficient of x reduces to unity, because 

1 1-1-1 Ix 1 

by putting - = 1 in Gregorie's series (§ 106). 



200 EXPANSION OF 

We can express S,, T^, B^ and E^^ as definite integrals. 
For if j3 is a positive integer, and m is positive, then 
integrating by parts, the definite integral (§ 49) 



a formula of reduction (§ 67), and therefore finally, 



Therefore 



~"(p-l)!y 1-e-'" "(p^i)\J sinhu* 

^^ ^^-2'-r^~(2'-l)(2?-"l)!y sinhu* 

^^^"^ ^» = (2--l)xV ^iS^- 

Similarly 



""(i7r)*"+y l+e-^» "(IttT^i/ coshu 
Put = gd u, then u=logtan(i'7r+i0) (§ 30), and 



JBfo- = 






i/{l*itan(ix+je)}*»(Zft 



Put «=J.0. then ^.=4/1^; 





.00 



and put u=^^.then5«=25^y4^. 
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108. The Remainder va Taylor's Series. 

The previous expansions extend to an infinite number 
of terms, and are therefore only true when convergent. 

But some functions, for instance sec"^aj, cosh"^aj, or 
coth'^o:;, cannot be expanded in an infinite series in ascend- 
ing powers of x, because x must be greater than unity, 
and the expansion by Taylor's or Maclaurin's Theorem 
would be divergent, and the theorem is then said to fail. 

This difficulty will be avoided if we can make the 
series terminate after a finite number of terms ; we shall 
proceed to explain how this can be done. 

Suppose {(a+h) expanded, in Taylor's Series, 

f(a+h) = fa+hra+^,ra+ +^f»a+£, 

Since all the terms of jB are divisible by ; — rrrr* w® 

•^ (71+1)! 

and seek to determine an expression for P. 

We shall prove that we can put P=f"*^(a+dA), where 
d is a proper fraction, some unknown function of a and 
h; then 

and R is called Lagrange's Form of the Rernadnder in 
Taylor's Series ; so that Taylor's Theorem may now be 
written 

f(a+A)=fa+Afa+|ra+...+'^,f«a+^-^^ 

thus avoiding the use of an infinite series. 
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Put a=0, and change h into x ; then 

/i\ n. {n-f-i)\ 

Maclaurin's Theorem with Lagrange's Remainder. 

To prove that P = f ^^^ + Oh\ 
we assume a function ¥x, such that 

nl (n + l)\ ' 

then Wx = ^'^+^"^^" {f^^'x - P); 

also Fa = f(a + A) and F(a + A) = f(a + ^). 

If we draw the curve BQK^ whose equation is y = Fa;, 
then if OA = a, AB = ¥a ={{a+h); 

and if OH=a+h, HK=F(a+k) = {(a+k); 

and the chord BK is therefore parallel to the axis of x. 



y 
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Piff.37. 

Now if fa?, fflj, f^a:,... f"aj are all finite and continuous 
between x=a and x = a+h, then at some point Q of the 
curve BQK between B and K the tangent is parallel to 
the axis of x. 
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If a+6h is the abscissa of this point Q, is a proper 
fraction, and AM==Qh) then F'(a+0A) = O, 

or ^kz^{in^^(a + eh) - P} = 0, 

and therefore P = f +X^ + 6^^)- 

As an exercise, determine R in the expansion of 
(a+xy, sin a;, cos a;, e*, a*, sinh ic, cosh a?, \og{\+x\ 
tan~^aj, tanh"^a;. 

We can prove that Q has the limit — -^ when fe = ; 

^ n + 2 

for P = f*ia+ --'Sif'+'^a+...=f'+Xa+efc) 

so that 0= , as A becomes indefinitely small. 

If we had put R = hP, and 

Fa? = fa:+(a+fe-a?)ra?+ ^^"^,^7^^V a?+ 



2! 



then Tx = (c^+fe--^)" fn^i^_p 

so that F'(a+0A) = O, when P=-,(l - d)"f+'(a+^^)> and 

then iJ = 'JL_(i-0)«f«+i(a+0A), 

Cauchy's Form of the Remainder in Taylor's Series. 
More generally, if we had put R = hF^^P^ and 

Frg = fa?+(a+/i-a;)ra?+ ^^"^^j"^^V a;+ 

til ^ ^ 



i 
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then F'a!=^-^^±^y-^f+'a;-(p+l)(a+fe-xyP. 



so that 
when 

and then 



P= 



F'{a+0/i)=O, 
^"' (l-e)"-'f"+'(a+eA), 






R= 



n-6)''-'T'*\a+eh); 



Schlomilch and Roche's Form of the Remainder. 
When p=n, this becomes Lagrange's Remainder. 



\^ \ 









M 



A^ 



Pig. 38. 
109. Oeometrical illustration of Taylor's Theorem. 

I{ y = {x is the equation of a curve PQ, and if OM = Xf 
thenifP = faj(fig. 38). 

I{MF=h, then ON^^x+h, and NQ=^{(x+h). 

Draw the tangent TPV at P, cutting NQ in V, and 
draw PR parallel to Ox. 

Then taniePr=raj, 

so that RV=hrx, and NV^^fx+hCx. 
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But, by Taylor s Theorem, 

{{x+h) = ix+M'x+\m"{x+ eh), 
expanding as far as three terms; so that 

VQ = ih^r\x+eh). 

Describe a circle touching the curve at P and passing 
through Q, and let VQ produced meet the circle in U. 

Then, since PV^=VU.VQ, 
therefore VU= -^ = y^ 

__h\ l + {i'x f] _^l + {^'xf 

lhH\x + eh) " r(x + ehy 

Now make Q approach to coincidence with P by 
diminishing h to zero ; the circle becomes the circle of 
curvature at P, and W becomes the chord of curvature 
parallel to the axis of y, and equal as before (§ 91). 

i+{rxY _^ ^^dx^ 
rx ""^ ^ ' 

dx^ 
Again, supposing 

{(x+h) = fx+M'x+^fx+^~^^^^^^ 

expanding by Taylor's Theorem as far as four terms ; and 
if Pq is the arc of the parabola, which has its axis parallel 
to the axis of y, and which osculates the curve PQ at P, 
that is, which has the same circle of curvature at P ; 
then rq = lh^rx, so that qQ^^hH^'^x+eh), 
The geometrical interpretation of 

f{x+h) = {x+hr(x+eh) 
has been given in Chapter I., § 10. 
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110. Indeterminate Forms. 

In general the value of a function of x is deter- 
minate, and is obtained by substitution for any particular 
value of a:. 

But when for a particular value of x, say x = a, the 
function assumes one of the indeterminate forms, 

J, ^,00x0, oo-oc,r, ooO,00, 

4 

the real value must be obtained by the method of limits; 
that is, the value of the function must be found for 
x = a+h, where h is small, and reduced and simplified as 
much as possible by cancelling factors, etc., and after- 
wards h must be made to vanish. 

We have seen this exemplified in Chapter I. in finding 
the d.c's of the simple functions ; for 

dfx _ ■■ f{x+h) — fx 
dx h 

assumes at first the indeterminate form ^, before reduction. 

By ordinary algebraical and trigonometrical reductions 
the indeterminate form may in general be evaluated ; 
but the Differential Calculus affords a general method. 

xX 

Thus, suppose that when x = a, the function ^ assumes 

the indeterminate form ^, because fa=0 and Fa = 0. 
Then, when aj = a, 
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=it i — 

Fa+|jF'a+... " * 

If however ra = and F'a = 0, the true value is ^^ijr~ ; 

and so on till the value is obtained. 
Thus, when x=a, 

=- = lt — -- = ^ia . 
x—a 1 

Or, putting x = a+h, 

It = lt^^ r = na" % 

as in § 3. 

K 71 is a positive integer, then x — a divides a?" — a", and 
the quotient, 

af*-'+aaj«-'+ciV-'+ +a«-'«+a"-^ 

becomes na""\ when aj=a. 

Again, when x=^0, 

sinhoj— since _0 

^ ""0' 

_, coshcc— cosic 



= lt 



= lt 



3a;2 0' 

sinha;+sinaj_0 
6x 0' 

cosh 03 + cos 05 __1 

6 "3- 
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Using the expansions of sin a; and sinho?, then this 

function can be evaluated as follows : — ^when a;=0, 

sinhaj — sinaj 

'^ 
a? , afi , x^ . . a? a^ x' 



= It 



'^■''3!"^"5!"^"7!'^ ""^+3! ""51 + 7!" 



a? 



si 7^ IT 



a? 






The indeterminate form ^ can be thrown into the 
form ^ by interchanging numerator and denominator, 
and is evaluated in the same manner: for suppose 
^ = 2^ when x=a, because <f>a=oo , \[ra = 'x> . 

Let £c=-7-, Fa;= — ; 

then rx= -7T-^» F'ic= -tt^o > 

also fa=0, Fa = 0. 

Then ^^^^^^l 

^a ^ Fa 

_, {(a+h) Ta /(paV yj/a 

" F(a+A)""F'a""VV^a/ 0'a' 

so that 4^=^; 

and so on, till the limit is obtained. 

The indeterminate form oo x assumes the form ^r by- 
throwing the 00 into the denominator. 
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Thus, when a? = oo, 

. o, 

a ®'^2"' 

2'sin2i= 00 X = a — ^ = - = a (§ 5). 

2' 
The indeterminate form oo — oo can also be made to 

assume the form - by reduction of the terms to a single 
fraction. 

Thus, when i» = ^7r, 

sec ic— tana? = oo — x 
_1— sina;__0 
~" cosoj ""O' 
_ l—sina; / I— sinag 

"V(l-sin2aj)"Vl+sina;"" ' 
and Ixsecaj— iBtanaj= ex — oo 

^^TT — a;sina;_0 
cos X ~" 
_, — sin a;— a; cos a; - 
—sin a? ~ 

To evaluate 1"", oo^, 0^ take the logarithm, which will 

be found to assume the form - or — , and can then be 

oc' 

evaluated by the preceding rules. 

n 

For instance, when aj = 0, (cosmajy=l"°; and taking 
logarithms, 

1 / ^ \\ log cos ma; 
log (cos mx)3i?=n ° ^ = -^ 



= n\t 



a? 

— Tntanma? 



2a; 

,, — m^sec^ma: , « 
= 72, It = - Jm^ri, 



n 



and therefore (cos 7nx)3^ = exp ( — Jm*7i). 

o 
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Again, when x= oc, (l — j =1*; 
and log (l -^) === ^log (l -^) = Qc X 

'»s('-I) 



I 

X 



so that /i_^y=e-^ 

Otherwise, when x= cc, 

lt(l-0--H{(l-2)-5} "■=.-(§ 26). 

Examples. — Prove that, when 

/n -9 a!»-19x+30 7. 

W a;-A a^_2a!2-9x+18 5' 

4. 
X — Of "~ Q* 

tana;+secaj-l . 

(3) 05 = 0, T -. = I. 

^ '^ tana; — sec a:;+l 

,,. , cos 03+1— sin oj - 

(4') X = *x, ^ -^r^ — : — = J • 

^ ^ -* cosx— l + sm a? 

,.v 1 sin 03 — cos 0? 1 /a 

<^) '^ = ^'^' sin 2a; -cos 2a; -1 ° ^^^^ 

1 — sina;— 2 8in^a; _„ 

(6) a; = *'r.i_3sina;+2sin2a;"'*- 

(7) x=i. ^n-1- 

, , „ sinh X , 
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(9) .:« = (), ^^^=^. 

(10) a; =0, (l+a^>'-e+^-iig^^_^^^ 
,,,x V tan (ain x) — sin (tan x) _ 1 

-^^. _ fic — fa _ i'a 

^^^^ ^"''' ^.c-Fa~FS' 

£c - fg - (a; - a)f a_ Ta 
Fic - Fa - {x-^aWo. " F'a ' 
fa-fa-(a;-a) f a- j (x--a)2ra jTa 

Fic-Fa-(aj-a)F'a-|(;z;-aT2T^"F^a' 
and so on. 

according as m is < , = , or > «. 

rux a;- W «ec(27^+l)x ,_^,„.„2m+l 

if m and n are integers. 

(15)x = 0,M^^5i^ = 0. 

(16) a; = 0, a?'*logic = 0, if n is positive, = — x, if ti- is 
negative. 

2 

(17) a; = 1, (1 — x) tan Ittoj = — . 



TT 



(18) a; = X , ic(a*— 1) = log a. 

(19)aJ = l,r^ ,- =1. 

^ '^ log X log a:; 

(20) a; = 0, cosec^aj — 2 = J- 
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(21) X = 0, (cos ax) '^'"^ = exp/- J^- 

(.2)x-«,(™^y=l,(?i^)>. = e-*.(Si?)i-0, 

(23) x^\ir, (8ina;)*""' = l. 

(24) x = 0, (cotaj)"^'=l. 

(25) ic = 0, af=l. 

(26) aj = 0, (8mir)*""'=l. 

111. Fourier' 8 Series. 

In many physical problems it is requisite to expand a 
function fx, not in ascending powers of a; as in Taylor s 
series, but in a series of cosines and sines of multiples of 
x, between certain limits. 

Suppose then, that, between the limits x= ±l,fx can be 
expanded in the form 

XX X 

fx = ^AQ+A^coB7rj+A2COs2'7rj + + A^cosn7rj + 



+ jS^sin TTT +^2'^^'^ 2xt + + fi„sin nirj+ , 

it is required to determine the value of A^ and £„. 

Since the cosine is an even function of a;, and the sine 
an odd function of x (§ 50), therefore dividing ix into its 
even part J{f(ic)+f(-aj)f and its odd part \{i{x)'- f(— a;)}, 
it follows that 

\{i{x)+i{-x)} 

XX X 

= \Aq+A^w& xv+^igcos 2x7 + ... + -4„cos7i7r^ 4-...(i.) ; 

Hf(a^)-f(-a^)} 
= JSjSin ir-j + B^sm 2xv+...+-B^sinn'3rT+..(ii.). 



> 
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Now, if m and n are unequal integers, then (§ 42) 

2 m— 71 2 m+7i 

/*• n • nj/^ 1 sin(m— ti)0 1 sin (m+ri)9 
/sin m0 sin nQdQ = x — ^ — — x — ^^— r' — —> 
J 2 m~?i 2 m+n 

so that 

/cos m0 cos 710 = 0, /sin m0 sin 7i0d0 = 0. 



But, if 7>l = 7l, 

/cQB^nQdQ = Itt, /sin^nOdO = Jtt. 



Similarly, if m and 7i are unequal integers, 

/cos TJiTT T COS nir -^dv = 0, /sin ttitt ^ sin tix ^dt; = ; 



but, if 7?i = ri, 

/cos^n'7r'idv= \l, /sinhnrjdv = ^l; 



/^ /»i /ii 

also /sin tix , cos mr^dv = 0. 

^ 

Therefore, to determine -4^, multiply both sides of the 

corresponding equation (i.) by costittt, and integrate 

between the limits and Z; then, changing x into v 
under the sign of integration, 

\ r^ V 

^n=r /{%) +f( — 'y)} COS rtTTjdv, 



and Aa'=^/{fiv)+{(-v)}dv. 



Similarly from equation (ii), 

1 r^ V 

Jin=T / {f('^) — ^( — '^) } 81^ nTTfdv, 
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Therefore, between the limits x= ±1, 
(x^ ] fw(v)+i(-v)}dv 

+ , ^ I / {f('y)+f( — t^)}costi7r^d5i; jcostiTT 



I 





which is called Fourier's Series, 

Atthelimitsaj= ±?,tlievalueoftheseriesis i{f(l)+({-l)}, 
so that there is discontinuity in general at the limits ; and 
outside these limits Fourier's series represents periodic 
repetitions of the function fx between the limits. 



. /' \ / \ /- ;\ ; 





(i 


L) 


y 




\^ 








(ii) 



Fig.39. 
This is exhibited by drawing the curves representing 
the series 

|ilo+-4icos 7r-T+-42COS 27ry + A^^o^ nirj^ (i.) 

and ^iSin-TTT + BaSinSTr,-!- 5„8in'n7r^ + (ii.) 

in fig. 39, (i.) and (ii.) respectively. 
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When the limits between which the function fo is to be 
expanded are and I, then either series (i.) proceeding in 
cosines of multiples of a?, or series (ii.) proceeding in sines 
of multiples of a?, may be employed at pleasure, but it is 
best to choose the series which introduces the least dis- 
continuity at the limits. 

For instance, suppose ix=x\ then between and I 

Z/. X \ , ^ X . \ . ^ X \ 
^ ^8inxj-^sin2x^+3sm3x^-...j; 

but outside these limits the series represent the curves 
drawn in fig. 40, (i.) and (ii.). 



a5 = Z— 



or x = 



"\/1 


y 


A 











X 



(i) 



•" A 


y 


/ 


/ 
/ 


/ 


A 





V > 



(ii) 

Fig.40. 

The student is recommended to trace the curves repre- 
sented by three or four of the leading terms of these 
expansions, in order to see how quickly the series approxi- 
mates to the given function of which it is the expansion. 
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Eicample8.—(l) Expand x^ in a series of cosines of 
multiples of x j ; then 

^172 ^^/ X I ^ X I ^ X \ 

af == j^^« — __ I cos TT V — .^cos Sttj + =^ cos 5xt — . . . I. 

(2) Expand cosh mx in a series of cosines ; then 
coshrn^ 

/ - cos iTj cos 2x^ cos Sir-j 

= 27r8inhmi^^2-^2j2-^2^2 + ^ + ^2^2 + 2 V" w^P^S V"^- • -^ 

(3) Expand sinh moj in a series of sines ; then 
sinhmo; 

(sinTTj 2sin2xr 3sin37ry 
^2^4:^""^2^2^.2V^m2Z2+3V" 

This expansion of sinh mx can be derived by differen- 
tiation from the preceding expansion of cosh mx. 

(4) Expand cos m^ in a series of cosines, and sin mx in 
a series of sines. 

Examine the case when ml is a multiple of ir. 



CHAPTER V. 

PARTIAL DIFFERENTIATION. 

112. Functions of Two Independent Variables. 

When 2/ is a function tx of a single variable x, the 
relation y = fx is exhibited by means of a plane curve 

in which the abscissa is x, and corresponding ordinate 
2/ = fo(§9). 

But when a variable quantity is a function of two 
independent variables x and y, expressed by the notation 

z={(x, y)y 
then X and y may be supposed to be the co-ordinates of 
any point on a datum (horizontal) plane, and z to be the 
height of a surface above this plane ; and then 

z={(x,y) 
is the equation of the surface. 

Now suppose a vertical section of the surface made by 
a vertical plane parallel to the axis of x ; then the tangent 
of the slope of the curve of section to the horizon will 
be the d.c. of z with respect to x, keeping y constant, and 
is expressed by 

^ or o' (generally abbreviated to ^ j, 
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and this is called the partial d.c. of z with respect to x, 
d being used when the differentiation is partial. 

Again, if a vertical section of the surface is made by a 
vertical plane parallel to the axis of y, then the tangent 
of the slope of the curve of section to the horizon will be 
the d. c. of with respect to y^ keeping x constant, and is 
expressed by 

^- or ^J ^ ^ (abbreviated to x-l, 
dy dy \ dyf 

dz 
Now, to find -^, the rate of increase of z, when x and 

y increase at given rates -^ and —, suppose Ax and Ay 

to be small finite increments of x and y, and Az the 
corresponding increment of z. 

Then 

z+Az = {{x+Ax, y+Ay\ 

Az = {(x +Ax,y+ Ay) - {(x, y\ 

and -? = f( ^ + Aa?, y + A?/) - f (a;, y) 
At At 

_ f(x + Ax, y + Ay) - i{x, y+Ay) + f(x,y+Ay)'-{(x, y) 

At 

_ {{x+Ax, y + Ay)- f{x , y+Ay) Ax 

Ax At 

{(X, y+Ay)-i(x,y) Ay 
■^ ~ Ay At' 

Proceeding to the limit, then 

^ ^{x+Ax, y+Ay)-f(x, y+Ay) 

Ax 

_^^ dtXx, y+Ay) _d {(x, y) _dz ^ 

dx dx dx ' 
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and i /(a?. y+^y)-i{x, y) _d{(x, y)Jdz, 

Ay dy dy ' 

, f dz__dz dx.dz dy 

dt dx dt dy df 

Differentiating again, according to this rule, 

d^_dz d^x.dz d^y 

d^~dxd^ dyd^ 
d^zdx^ ^ d'z dx dy/b^d^ . 
dx^ dt:'' dxdy dt dt dy^ dt^ ' 

and so on. 

Suppose 0=0, a constant ; then 

f(aj, y) = c 

is the i/mplicit relation (§ 15) connecting x and y along 

the cui*ve of section of the surface 0=f(aj, y) by the plane 

z=c, and is therefore the equation of the curve. 

dz 
Then, along this curve, -n: = ^, ^^^ therefore 

dfdx ^dy ^^ 
dx dt dy dt ^ ' 

or with X instead of t for the independent variable 

dx dy dx ' 

the^rs^ derived equation (§ 15). 

This can be proved independently ; for if Ax and Ay 
denote simultaneous increments of x and y, then 

f(a? + Aaj, y + Ay) = c, 
or f(x + Ax, y + Ay)—{(Xy y) = 0; 

which can be written 

t(oiH-Ax , y+ Ay)-'{(x, y+Ay) ^ f(x, y+Ay)~fCa?, y) Ay ^^ , 

Ax Ay Ax ' 
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and proceeding to the limit by making Ao; and Ly ulti- 
mately zero, 

dx dy dx * 
as before. 

The second derived equation is found by differentiating 
again with respect to a; by this rule, and is therefore 

dx^ dxdy dx dy'^ dx^ dy da^ ' 
and so on, for the third, fourth, ... derived equations. 

113. Expansion of a Function of two Independent 
Variables. 

Let z = f(x, y), and let x receive an increment A, and y 
an increment k, to find z^, the new value of z. 

Then z^ = {(x+h,y+k), and expanding by Taylor's 
Theorem, firat in powers of h, 

z^ = i(x, y+k)+h ^{(x, 2/+^)+2, ^(^> 2/+^;)+... 

and now expanding each term by Taylor's Theorem in 
powers of k, and writing the terms in each series 
diagonally, 

^, = ftey)+Ag-+2,a-2+... 

, ,af ,, dH 

oy ox dy 
and the general term will be found to be 



to 






DIFFERENTIATION, 221 

which may be written in the abbreviated symbolica) 
form 



n\\ ox dyf 



n\ \ dx dyj 

Since it is immaterial whether we expand first with 
respect to x and then with respect to y, or in the reverse 
order, it is seen that the order of partial differentiation 
is immaterial, or 

dxdy'^dydx' 
This may be proved independently from the definition ; 
for dz^^^ f{x,y+k)^{(x,y) 

dy k ' 

^^^ ?^z ^ ^^ i{x+h y-^k) - f (a;+fe, y) - f{x, y+k) + {{x, y) 
dx dy hk * 

and ^ ^ is the limit of the same expression. 
oyox ^ 

The general form of the expansion can be more easily 
perceived by putting 

Ft={{x + ht,y + kt) 
and expanding in powers of t by Maclaurin's Theorem^ 
and then putting ^=1. 

Now by Maclaurin's Theorem 

F^ = FO + tTO + J F"0 + . . . + -, F'^O + , -\-,, ¥^^\et) ; 

2! nl (t^ + I)! ^ ' 

and Ft=h^^-,k^ 

Y^t^K^^^^Uk^' ^k^^l 
oaf ox oy Oy^ 

which may be written symbolically (§ 78) 



222 PARTIAL 

and generally 

SO that, putting ^ = 1, 

f(aj + A,y + ^)=f(aj,2/) + (^g- + ^^^-^(aj.j/) + ... 
1/9 9 \« 1/9 9 X'^^^ 

114. Maxima and Minima of a Function of two 
Independent Variables, 

Suppose the equation z={{Xf y) to represent the surface 
of a country, and to be cut into a series of contour lines 
by a system of horizontal planes. 

Then at the summit of a hill, where z has a maximum 
value, the contour line shrinks into a point, and 

dx ' ^ ' 

The contour line a little lower down is a small closed 
curve, and the corresponding horizontal plane cuts off a 
small cap from the surface. 

At the bottom of a lake, where z has a minimum value, 
the contour line shrinks into a point, and again 

dx ' dy 

The contour line next above is a small closed curve, and 
the corresponding horizontal plane cuts off a small cup 
from the surface. 

Starting from the top of a hill and going down, the 
contour lines enlarge, till a pass is reached, where two 
hills meet ; here the contour lines cross, and 

dx • dy ' 
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but z is not a mcaximum or minimum ; for is a minimum 
with respect to the two adjacent hills, a maximum with 
respect to the two adjacent valleys. 

Again, starting from the bottom of a lake, and going up, 
the contour lines enlarge till a bar is reached, where 
two depressed regions meet, and the contour lines cross, 

and again ^^0. |=0; 

but z is neither a maximum or minimum. 

If there are p tops of hills and q bottoms of lakes, there 
must be JO — 1 passes, and g— 1 bars ; also there must be 
at least two summits of hills higher than any pass, and 
two bottoms of lakes lower than any bar ; this is seen by 
drawing the contour lines. (Maxwell, Math Tripos, 1870.) 

These geometrical considerations are useful in the 
problem of finding the maximum and minimum values 
of a function of two independent variables, z = f(aj, y), 

(Rev. E. Hill, Messenger of Mathematics^ vol. V., p. 84.) 

115. Double Integration, 

Let V denote the volume of the solid which is bounded 
by the surface z = i{x, y) and a cylinder standing on any 
base A in the plane of ;s = 0, with generating lines parallel 
to the axis of z. 

Then ihe fluent V may be supposed generated by the 

dV 
motion of the fluxion >,- , an area moving with its plane 

dV 
perpendicular to the axis of y ; and then %,— considered 

as a fluent may be supposed generated by the motion of 
the ordinate z, moving parallel to the axis of x, so that z 
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dV 
is the fluxion of -^ with respect to x, or 

dxdy ' 
and integrating, V=J^zdocdy, 

the integration extending over the area of the base A. 

In this manner the volume Fmay be considered as built 
up of infinitesimal filaments of height z and base docdy. 

Also, if X, y, z denote the co-ordinates of the centroid 
of the volume F, 

_ JJxzdxdy _ ffyzdxdy _ ^^^z^dxdy 

ffzdxdy * ffzdjxdy ' ffzdxdy ' 
Applying this to find the volume of the hemisphere 
bounded by x^ + y^+z^ = a^ and the plane 2?= 0, and inte- 
grating first with respect to a;, the limits are ^\/(cL^ — y^}, 
and integrating afterwards with respect to y, the limits 
are ± a ; so that 

/a /•-/(«* -y*) 
/s/{ci^-x'-y^)dxdy 

-a -V{a^-y^) 

= M(a^ - y^)dy = i-jria^y - ^f)] = ^ira^ 



— a 



The preceding notation is useful in representing an 
indefinite integral before it is taken between the given 
limits. 

We may suppose z to denote the variable density of a 
plane lamina, and then the preceding formulae will give 
V, the mass of the lamina, and x, y the co-ordinates of 
its centre of mass. 



DIFFERENTIA TION. 



225 



If z = c, a constant, then V is the volume of a right 
cylinder on the base A, so that 

F= cffdxdy, and A =ijjdxdy. 

The area A may now be considered as built up of the 
infinitesimal elements of area dxdy, and the limits of 
integration must be taken so as to include all these 
elements of area in A. 

116. The Sign to be attributed to an Area. 

Suppose a point to travel once round the closed area^l, 
so as always to have the interior of the curve on the left 
hand (fig. 41). 
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Pifir.41. 



A =jjdjxdy =Jxdy =J^^^* 



Then 

taken round the curve. 

From BtoC along BPC, -^. is positive, and 



/x^dt^SLvee^ MBPCN 
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and from CtoB along CQB, -^ is negative, and 



/ 



x^J^dt= -nveA MBQGN; 



so that, taken round the curve, 

/^-K<J^ or /xdy = A, the area of the closed curve. 

But //dydx=/ydx =/y-jidt ; 



A 



doc 
and from Eto D along EPD, -jj is negative, so that 

'y^^dt= -area LEPDK; 

d/oc 
and from D to E along DQE, ~j- is positive, so that 

yj J(Z^=area LEQDK; 
and therefore, taken round the curve, 

/y-£^^ or/ydx= -A. 
Therefore, taken round the curve, 

is called a perfectjdifferential, and its integral between 
limits is independent of the intermediate values of x 
and y, so that taken round any closed curve the integral 
is zero. 



But ^=/(4!-^)^ 

^\J{xdy--yda^). 
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Changing to polar co-ordinates, 

x = r cos Q,y = r sin Q, 
then (§ 85) 



X 



dy dx « dO 
di ^ d^ dt 



80 that ^ = i /^ § ^^ = i A^^^. 

taken round the curve. 

Draw the tangents OF, OH to the curve from 0, sup- 
posing the origin is outside the area ; then along FPU, 

(W . ... T 

-777 IS positive, and 



I A^gd^^area OFFCHO; 



dO 
but along JSTQ-F, ^ is negative, and 



»/ 



'^^dt^-Birea.OFQHO, 



so that, taken round the curve, 

If the perimeter of the curve cuts itself, then the area 
obtained by integrating once round a loop will be positive 
or negative with the above formulae, according as the 
area is on the left or right of the point as it travels 
round the curve. 

(CliflTord, Common Sense of the Eocact Sciences), 
With polar co-ordinates and double integration 

A=//rdrde, V=//zrdrde; 
and the area A must be supposed divided into infinites- 
imal elements of area rdrdO by concentric circles with 
common centre at 0, and straight lines radiating from 0. 
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For if r, are the polar co-ordinates of a point, then 
the finite element of area incloiting the point, bounded by 
circles of radii r — ^Ar and r+JAr, and vectors from 
making angles 0— JA6 and + JA9 with the axis of », is 

H(^ + iAr)«-(r-iAif}A0=rArA9, 
which ultimately becomes rdrdQ. 

117. The Planimeter (Ainsler's). 

This instrument in the most usual form, that invented 
by Amsler of SchaSliausen, consists of two bars OA, AP, 
jointed at A, and carrying in PA produced a small 
graduated roller R, with axis fixed parallel to PA 
(fig. 42). 



Figf.42. 
The instrument is used to measure areas ; to do this 
is pivoted at a fixed point, and a pointer at P is carried 
round the perimeter of the curve whose area is required; 
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the roller JB, which rolls and slides on the plane of the 
paper, then registers the area. 

If precision is required the point P is carried, say ten 
times round the perimeter, and the reading of the roller 
divided by ten; but in the so-called precision plani- 
meters the roller always moves on a sheet of prepared 
cardboard fixed to the instrument, so as to avoid the 
roughness and irregularity of the surface of ordinary 
paper, which slightly impair the precision of the instru- 
ment described here. 

To explain the theory of the instrument, let OA = a, 
AP=b, AR = Cy and the radius of the roller = r ; and let 
the direction of a positive rotation of the roller, as marked 
by the graduations, be that of rotation on a right-handed 
screw on the axle of R which would give a motion in 
the direction AR, 

Drop the pei^pendicular 01 from on AR, and first 
suppose the joint A clamped. 

Then if / is in AR produced, a rotation of the instrument 

dd 
about with angular velocity -, will give to R the com- 
ponent velocities 01-^. in the direction IR and I^'-n 

perpendicular to IR, and therefore compel the roller to 

RI cU) 
turn with angular velocity - —r: ; but when I is on the 

other side of R, the angular velocity of the roller will be 

_RIde 

r dt' 

Therefore, keeping A clamped, the roller will turn 

RT RT 
through an angle — 6 or 0, according as / is not or is 
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on the same side of R as A, when the instrument is 
rotated through an angle Q about 0. 

When / coincides with i?, the roller will not turn, and 
then P describes a circle called the zero circle, represented 
by the middle dotted circular line (fig. 42) of radius 

Next unclamp the joint A, and clamp ; the roller will 
turn with angular velocity — -^ when the bar AP 

turns with angular velocity -^, so that the roller will turn 

through an angle —-0 while AP turns through an 

angle 0. 

Now suppose P to travel round the finite circuit 
PP^P^P^ by a combination of the preceding motions in 
the following order : — 

(1) Clamp the joint A, and move P to Pj, and A to A^ 
on arcs of circles of centre ; then the roller will turn 

through an angle — 0, if the angle AOA^==POP^ = Q, 

(2) Unclamp A and clamp 0, and move P^ to Pg on 
the arc of a circle of centre A^ ; then the roller will move 

through an angle — 0, if the angle P^A-J^^ = <[>, 

(3) Unclamp and clamp A, and move P^ backwards 
to Pj and -Aj to A on arcs circles of centre 0, through an 

RJ 

angle Q\ then the roller will move through an angle ~^Q^ 

if 01^ is the perpendicular from on P,-4. 



DIFFERENTIATION, 231 

(4) Uaclamp A and clamp 0, and move P^ to P on the 
are of a circle of centre J., and consequently through an 

angle ^ ; the roller will turn through an angle -0, which 

cancels the angle due to motion (2). 

In completing the finite circuit PP^P^P^ the roller will 
then have .turned through an angle 

But the area PP.P^Pj = area PP,Q,Q 
= sector OPP^ — sector OQQ^ 

=i{OP^^op,^)e 

= ^(OA^+AF2+2ALAP'-OA^-AP^-2AI^.AP)e 
= (AI^AI^)be 

= br times the angle (in cm.) turned through by the 
roller. 

The area PP^P^P^ is therefore 6 times the travel of the 
circumference of the roller, so that by altering the length 
b by an adjustment on the instrument, the area can be 
read oflF in any required units. 

Any irregular area must be supposed to be built up of 
infinitesimal elements found in the same manner as 
PP^P^P^ ; and will be accurately measured by the roller 
when the point P completes a circuit of the perimeter, 
both joints being now free to turn simultaneously. 

If, however, the origin is insidet he area, the area 
of the zero circle must be added to the reading of the 
roller. 

A complete account of Planimeters will be found in a 
paper by Hele Shaw, Professor of Engineering at Uni- 
versity College, Liverpool, read before the Institution of 
Civil Engineers, April, 1885. 
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118. Functions of three or 7n^relnde2)e7ident Variables. 

A function of three independent variables, x, y, 0, 
denoted by f(x, y, z), may be supposed to represent some 
function of the position of a point in space whose co- 
ordinates are Xty,z; for instance, the density or tempera- 
ture or pressure at the point 

Then t(x, y, z) = C, a constant, would imply a relation 
connecting x, y, z, and would be the equation of a surface ; 
for instance, a surface of constant density. 

If V denotes the volume contained in a closed surface 
S, then 

V=fffdxdydz, 

the integration including all the infinitesimal elements of 
w^Mmi^xdydz contained in the surface S, 

Suppose the density p within the surface S to be vari- 
able and a given function of x,y^z\ then if M denotes the 
mass contained by the surface S, and S, ^, ~ the co- 
ordinates of the centre of mass, 

M =jyypdxdydz^ 

Mx —fffxpdxdydzy My =^fffypdxdydz, Mz =fffzpdjxdydz. 

With the same proof as before (§§112, 113), denoting 
f(aj, 2/, z) for brevity by f, 

di_ 3f dx. 9f ^ , 3f dz . 

dt dx di dy dt dz dt ' 
and, expanded in powers of h, k, Z, 

rif 7)f r)€ 

{{x+h, y+k, z+l) = {{x, y, ^)+Ag^+ig-+Zg^+... 



+M+'iy+&^'''y-'^ 



b(^^+^a^+4r^^+^^' ^+^*' '-^^^^ ' 



+ 

{n+l)\\ dx dy 
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and these theorems can be generalized for a function of 
any number of independent variables. 

The geometrical interpretation of the independent 
variables will not hold when they are more than three in 
number without the introduction of the fiction of space 
of more than three dimensions, a thing which is incon- 
ceivable. 

A function f(f, a?, y, z) of four independent variables, t, 
X, y, z, may, however, be interpreted, as in Hydrodyna- 
mics, as representing the velocity or density or pressure 
at the time ^ at a point in space whose co-ordinates are 
X, y,z. 

A rational integral homogeneous algebraical function of 
the n^ degree in m variables is defined to be a function 
in which the sum of the indices of the variables in each 
term is constant and equal to n, the indices being positive 
integers ; such a function is denoted in Higher Algebra by 

\^f y» ^> h •••)**> 
and is called a qv^antic, in m variables and of the n^ 
degree. 

The general expression of the quantic is obtained by 
expanding 

(x+y+z+t+...Y 

by the Multinomial Theorem, and applying an arbitrary 
constant multiplier, denoted by a, 6, c, ..., to each term. 
Thus the binary quantic (x, yY represents the expression 

oaf + nhaf'^y + ^ ^T <^'"'^y^ + • • •• 

Sometimes the binomial coefficients are omitted, and 
the quantic is written 

ax"" + hx'^'^y + caf^'^y^ + . . . ; 
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and sometimes it is conyenient to write the quantic in 
the form oaj" + nha^'^y + n(n — l)caf~^y^ + . . ., 
inserting the derived coeflBeients n, n(n~-i), ...; and 
sometimes in the form 

inserting the exponential coefficients -,, ^, ^rj, .... 

The first and fourth form of the quantics will be found 
closely related, as well as the second and third; any 
seminvariant of the first or third form being a non- 
unitary aymmetric function of the fourth or second form 
respectively. 

(American Journal of Mathematics, vol. VI., 
Seminvariants and Symmetric Functions, by Captain 
P. A. MacMahon, R.A.) 

Denoting the general quantic in m variables and of 

the n'^ degree by le, then 

du , du , du , 

This is proved by considering a single term of the 
quantic afy^z""..., where p+q+r+... = ny for which the 

theorem is at once established ; for, denoting this term by 

., dv dv dv 

V, then ^^=P^' 2/9-=?v> %^^^' "" 

More generally 

and so on. 

These were proved by Lagrange by expanding the 
quantic u^ = (a; + hx, y + hy, z + hZy ,. .)" = (1 + k^u 
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in the form 

+ 

and equating coefficients of like powers of A. 

These theorems are called Euler's Theorems of Honio- 
geneoua Functions. 

119. Oreen/s Theorem. 

Consider a fixed closed surface S, and a function X 
of three independent variables x, y, z, the co-ordinates of 
a point in space. 

Then, the triple integration extending over the volume 
enclosed by the surface jS, 

/// -^ dxdydz =//{ — X^ + Z, — Z3 + . . .)dydz, 

where X^, X^, Xg, . . . are the values of X where a point 
moving from — 00 to + x parallel to the axis of x succes- 
sively enters and leaves the interior of the surface 8. 

Denoting by Zj, Zg, Z3,... the cosines of the angles the 
outward drawn normals of the surface S at these points 
make with the axis of Xy then 

dydz = — l^dS^ = ZgcZ^Sg = — l^dS^ = . . . , 
supposing the infinitesimal prism on the base dydz parallel 
to the axis of cc to intercept the elements of surface dS^^ 
dS2y dS^y ..., on entering and leaving the surface S. 

Therefore 

the double integration extending over the surface S. 
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Similarly, if F, Z^ are given functions of x, y, 0, 

JJjf^^^yd^=jf^ ("•) 

y9^||c?ajdyd^ = ^Zd6^ (iii.) 

where m, n denote the cosines of the angles the outward 
drawn normals of the surface 8 make with the axes of 
Jly z respectively. 
Therefore, adding 

Now suppose U and U' two given functions of x, y, z; 
then from equation (i.), integrating by parts, 

=#^^^^^-^^'s^^^^ •<-)' 

«nd therefore 

r/r/du dU'du dU'du dU'x. , , 

and therefore by symmetry 
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Now 6^— + m^— + n-^- = -5-, 

ox oy oz ov 

,dU' dW dlT dU' 

003 oy 00 dj/ 

fiTT d Tf' 
where -y^. -ts- represent the rates of variation of IT", CT in 
Ov Ov 

the direction of the otc^tyard drawn normal to the sur- 
face. 

92 92 92 

Then, representing the operator g-2 + ^2 + g~2 ^7 ""V^ 

(Maxwell, Mectricity, chap. I.), the preceding theorem 

can be written 

dUdU' dUdU' dUdU\. , , 

laocdydz, 



M/ \dx 



+ 7r- yr-' + 



dx dx dy dy dz dz J 

=Jfu^dS-\-jfff^VTJ^U'dxdydz (vii.); 

and this is called Oreen's TheoreTriy a theorem of great use in 
the mathematical theories of electricity and magnetism. 

(An Essay on the applicationof Mathematical Analysis 
to the Theories of Electricity and Magnetism, by G. Green ; 
edited by N. M. Ferrers.) 

The theorem may be given in the more general form 

JJJ ^\dx dx dy dy dz dz / ^ 

where a may be constant, or any given function of a?, y, 0. 
(Thomson and Taifs Natural Philosophy^ voL I, 
appendix A), 



CHAPTER VI. 

CURVES IN GENERAL. 

120. EqucUwn of the chord, tangent, asymptote, and. 
normal of a curve in polar co-ordinates. 

The implicit relation, f(r, 6) = 0, connecting the polar 
co-ordinates r and 6 of all points on a curve is called the 
polar equation of the curve. 

Instead of r it is convenient to use u, the reciprocal of 
r, and then if u is given as an explicit function of 6 by 
the equation u=f0, it is required to determine the equa- 
tion of a chord, tangent, etc. 

To find the chord which passes through two points on 
the curve whose vectorial angles are a+/8 and a— )8, 
assume that the equation of the chord is of the form 

u = J. cos(0 — a) + -B sin(0 — a), 
where A and B are the constants to be determined. 

That this is the equation of a straight line can be seen 
by changing to the Cartesian co-ordinates x and y, by 
writing it in the form 

1 = Ar cos(6 — a) + Br sin(0 — a) 
= A{x cosa + y sina) + B(y cosa — x sina), 
since x = r cos0, y = rs\n6. 
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Now, when = a+/8, u = f(a+/8), so that 

f(a+^) = A cos^+B sin^ ; 
and when = a — P, u = f(a— ^), so that 

f(a-/3) = 4cos/3-58in)8. 
From these two equations 

, f(« + i8) + f( a-/3) f(a + /3)-f(«r:^) . 

^" 2cos^ ' 2sin^ 

80 that the equation of the chord is 

2cosp 2 8in/8 ^ / \ / 

Now, suppose )8 to become ultimately zero ; the chord 
then becomes the tangent at the point given by 6 = a; 
and since 

2 cosp 2 smp 

therefore the equation of the tangent at = a is 

u = facos(0 — a)+f asin(0— a) (ii.) 

and OP = l. 0T= -} , if xOP = a (fig. 5). 
la la 

Suppose fa = 0, but fa is finite ; the point of contact is 
then at an infinite distance from the origin, but the 
tangent remains at a finite distance ; the tangent is then 
called an asymptote of the curve, and its equation is 

u = {'asm{6 — a) (iii.) 

The equation 

u = facos(0 — a) — ^.?- sin(0— a) (iv.) 

I a 

will represent the normal at the point 6 = a; for it is at 

right angles to the line represented by equation (ii.), and 

when = a, u = fa. 



I. 
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If the equation of the curve is given in the form r=F6, 
the 'equation of the normal at the point 6= a will be 

1 _ eo8(g ~ g) _j_ sin(g — g) 

r" Fa "^ F'a ^""'^^ 

and OP=:Fa, OO^F'a, ifxOP^a (fig. 5). 

Denoting by p the length of the perpendicular OY 
from the origin on the tangent at P, then (§ 17) 

j9 = r 8in0, where tan^ = ~-j— ; 

and -^ = ^cosec^0 = -gCot^^ H — g 

= i ^4.1_*i^a. 2 
We have proved that in a central field of force (§ 87) 

so that the orbit is a straight line when P=0 and then 
-— +u=0; but the orbit is concave to the origin when 

P, and therefore 3^2 +'^ ^® positive, and the orbit is conveoo 

to the origin when P, and therefore -^ +'M' is negative. 

At a point of infiexion, where the curve changes from 

concavity to convexity or vice versa, -j^+u vanishes and 
changes sign. 

Definition, — ^A curve is said to be concave with respect 
to a point or line when it lies on the same side of its 
tangent as the point or line, convex with respect to the 
point or line when it lies on the opposite side ; and at a 
point ofinfUadon the curve crosses the tangent. 
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Examples. — Find the asymptotes of 
(i) r = asec0, (ii) r = 6cosec0, (iii) r = aaee0+6 cosecS, 
(iv) T = a tan^, (v) r=a cosec20, (vi) r = a sec20, 
(vii) 7^ = a^ sec20, (viii) r siii0 = a cos^0, 
(ix) r cos0 = acos20, (x) 7' = a+6 eosec0, (xi) TQ = a, 

(xii) r=^o s; and trace the curves. 

^ 6^ — a^ 

121. Pedal Curves, 

The locus of Y, the foot of the perpendicular on the 
tangent of a curve drawn from the origin 0, is called 
the pedal of the curve with respect to 0, and is called 
the pole of the pedal. 

Thus the pedal of an ellipse or hyperbola with respect 
to a focus is the auxiliary circle, and the pedal of a 
parabola with respect to the focus is the tangent at the 
vertex of the parabola. 

Denoting OY by j9, and the angle xOY hy «, then the 
relation connecting p and « is the polar equation of the 
pedal of the curve, with p and w instead of r and 6 as 
polar co-ordinates. 

If OYP is a rigid right angle, of which OY passes 
through 0, and YP touches the curve, then i, the foot 
of the perpendicular from on the normal at P, is the 
centre of instantaneous rotation of the right angle ; so 
that lY is the normal of the locus of F. 

Since lY is a diameter of the circle described on OP 
as diameter, it follows that the envelope of circles 
described on the variable vector OP as diameter is the 
pedal with respect to 0, the locus of Y, 

This can easily be generalized for the case of a rigid 

angle PYP' touching two fixed curves, at P and P' ; the 

Q 
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centre of instantaneous rotation will be at /, the point of 
intersection of the normals at P and P\ and therefore 
/Fis the normal of the locus of F; and since the circle 
circumscribing the triangle PYF has the same normal 
at F, it follows that the locus of F is the envelope of 
these circles. 

Returning to the pedal of the curve (fig. 43), then 
since the angle YI is equal to the angle OPI in the same 




Pig 43 

segment, it follows that the pedal curve cuts OF at the 
same angle as the curve cuts OP, or the pedal and the curve 
have the same angle ^ (§ 17) at corresponding points. 

Therefore cot ^ = 7^-77=^7-, 

^ UY pdw 

so that VP = ^. 

dw 

d/o 
The polar co-ordinates of / are therefore -~ and 

«+ Jx; and since Q, the centre of curvature at P, is the 
point of contact of the tangent PI of the evolute PQ at 
Qy therefore the locus of / is the pedal of the evolute, 

and IQ=z - ; so that the radius of curvature at P 
d'jir 
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These relations can also be proved from the considera- 
tion of the relative motion of P and F; for the 

component velocities of P in the directions of the normal 

da 
IP and the tangent TP are and y^, and the component 

velocities of T in the same directions are -i- and -^- 

dt at 



(§18); therefore 



ix_^ip_ T^l^rfft) 



FP- 

dt dV 



d8_pdw d.yp 
dt" dt ^dt^ ^' 

The first equation gives YP= J-, and the second 

equation gives 

da ds , d , ^-rr^. . d^p 

since >^ = co + Jtt. 

. 1 ds da dr dp 

Also p = -- = — - — -^ 

'^ Oft) a/* op Oft) 

and the chord of the circle of curvature through the 
origin is therefore 

dp' 
Now \=!4S+.7>(§120), 

and therefore, differentiating with respect to 6, 

^ dp_ 4> di'^ 2 dr tPr_ 2 dr 
~fde'"~r^'d^'^^ W W ^ dd' 

/I dr^ 1\*#_2 di'^_l^ I . 
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or 



/cZr2 V 
^ dp 



If the curve passes through the origin, then at 0, 

r = 0, andp = J^^. 




Consider, for example, the pedal of a circle, centre C, 
with respect to any point 0. 

Then if 0G= 6, and the radius of the circle is a, 
p = OY=IY+OI=a+bcosa), 
the equation connecting the polar co-ordinates p and w 
of the locus of r, and this curve is called a liniagon (§ 62). 

If 6 < a, is inside the circle, and the pedal consists 
of a single oval curve (fig. 44, i.). 

If 6 > a, is outside the circle, and the pedal consists 
of two loops, one inside the other, having a double point 
0, where the tangents are the tangents to the circle from 
(fig. 44, ii.) 

If 6 = a, is on the circumference, and p = a {1 + cos w), 
the equation of a cardioid (fig. 44, iii.). 



IN GENERAL. 245 

122. Roulettes, 

When a curve, carrying a point P fixed to it, rolls on 
a straight line (or any given curve) the path traced out 
by the point P is called the roulette of P with respect 
to the straight line (or given curve). 

Thus, when a circle rolls on a straight line, the roulette 
of a point on the circumference is a cycloid (§ 93), and 
the roulette of any other point fixed in the plane of the 
circle is called a trochoid (§ 62). 

An involute of a curve (§ 92) is thus the roulette of 
a point on a straight line which rolls on the curve. 

A remarkable analogy, pointed out by Steiner, exists 
between the roulette of a point with respect to a straight 
line and the pedal of the rolling curve with respect to 
the point as pole. 

Steiner's Theorems assert that (i.) the length of the 
arc of the roulette is equal to the length of the corre- 
sponding arc of the pedal ; (ii.) the area bounded by an 
arc of the roulette, the ordinates at the ends of the arc, 
and the straight line on which the curve rolls is twice 
the area :bounded by the corresponding arc of the pedal 
and the vectors from the origin to the ends of the arc. 

For, if AP is the roulette of the point P when the 
curve is rolled on the straight line Ox (fig. 45), and if PM 
is the perpendicular from P on Ox, the tangent at / to 
the rolling curve, then relatively to P the locus of M is 
the pedal of the rolling curve with respect to P; and 
therefore relatively to M the locus of P is the same 
curve ; so that we may suppose the pedal A'P rolled on 
the roulette J.P, so that M is always vertically over P 
if Ox is horizontal ; and the pedal, if loaded so that the 
centre of gravity is at M, will rest in neutral equilibrium 
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on the roulette, provided the friction is sufficient to pre- 
vent slipping. 




Flier 46 



The arc AP oi the roulette will then be equal to the 
corresponding arc A' P of the pedal, which is Steiner's 
first theorem. 

For particular examples of this, consult § 62 ; tlie 
figure here (fig. 45) is drawn for the roulette of the focus 
of an ellipse, and the pedal of an ellipse with respect to 
a focus, which is a circle. 

Also if the pedal is rolled into a consecutive position 
so that M comes to M\ and the point 2> of the pedal 
comes into contact with the point P' of the roulette, 
then the element MM'P'P, which is the increment of 
area of the roulette, is ultimately double the element 
MPpy which is the increment of area of the roulette, or 

j^areai/MTT^g. 
area MPp ' 

and therefore, by integration, the area OMPA of the 
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roulette is double the area A'MP of the pedal, which is 
Steiner's second theorem. 

This statement of Steiner's second theorem is simpler 
than that usually given, where the area of the roulette is 
supposed bounded by the normals at the ends of the arc 
of the roulette made by a complete revolution of the 
rolling curve. 

Another theorem, also due to Steiner, connects the 
areas of the different pedals of a closed curve, and there- 
fore of the corresponding roulettes, for different positions 
of the pole of the pedal. 

Let A denote the area of the pedal when the pole is at 
the origin. A' the area of the pedal for a different 
pole 0\ whose co-ordinates are a, )8. 

Then J.' = J /(p — acosft) — /8sin ft))^ci!ft) 



= A^a/p COS 00 dco — ^ / p sin (JO dw 



4- J / (a^cos^o) + 2a)8 cos cd sin « -J- /S^sin^a))^^. 



Now /cos^ft) d(jo = 7r, /cos w sin co dw = 0, /sin^co d(jo = 7r ; 

u 

so that 

r*2w ^2ir 

A' = A—a I p cos o) dw — ^ I p sin w c/ft)+ Jx(a^+/32). 



We can make the co-efBcients of a and /3 vanish, 
so that 

by placing the origin at the centre of mass of the 
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original curve, supposing the density of the arc propor- 
tional to the curvature ->- ; and then 

2ir 2ir 



/ x-j-ds= / pCOfiwcl(O = 0, 



2ir 2ir 



/ y- (18= / psin ft)cZco = 0. 



Consider, for example, the pedals of a circle (§ 121); 
then the area of the circle being xa^ the area of the 
liina9on p = a+b cos w will be Tra^+jTrft^; for instance, 
the area of the cardioid is f-Tra^ and therefore, by 
Steiner's second theorem, the area of the corresponding 
roulette, th'e cycloid, is Sira^, 

Again the pedal of the involute of a circle, when the 
centre of the circle is the pole, is the spiral of Archimedes, 
and if the involute rolls on a straight line, the roulette of 
the centre of the circle is a parabola ; this explains the 
nature of the relation between the parabola and the 
spiral of Archimedes previously noticed (§ 62). 

123. Epicycloids and Hypocycloids. 

These curves are the roulettes of a point on the cir- 
cumference of a circle which rolls on the outside or inside 
of a fixed circle (§ 96). 

Let denote the centre and a tlie radius of the fixed 
circle, C the centre and c the radius of the rolling circle ; 
and let / denote the point of contact of the circles; then 
IP is the normal of the roulette of P, because / is the 
centre of instantaneous rotation of the rolling circle (fig. 46). 

Draw the diameter PCD of the rolling circle, and 
suppose D originally in contact with the fixed circle at 
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B, and that P is then &i A; A is called an a'pse or vertex 
of the epicycloid. 

If the angle <cOI is denoted by Q, the arc ID = 

arc lB=a9, so that the angle ICD=~B, and the co- 
ordinates of P in terms of $ for the epicycloid are 

x = (a+c)cosd+ccosll+ \$, y = {a+c)sind+cain\l+-)s ; 
and for a hypocjcloid, change c into — c. 




= (a+c)i'{sin 0+sin(l +^^0}2+(a+c/{cos 0+cos(l + -)9}« 
= 2(a + c)«(l + cos y) = Ha + c)^cos^^-^ ; 
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and, integrating, the arc AP 

or ^ 2c 
Denoting, as usual, Y the perpendicular from on 
the tangent at P by p, and the angle xO Y by «, then 

2> = (a+2c)cos^, and a) = 0+Y* 

so that p = (a+ 2c)cos — ^, 

^ a+zc 

the polar equation of the pedal of an epicycloid, which is 
of the form r = b cos md. 

Ai ^ DTT ^P • cto) . aO 

Also jry = — ^^ = asin — 7-^ = <isin^ , 

ao) a+2c 2c 

so that 8 = 4^+-^PY. 

\a ay 

Again, OP^=^r^=x^+y^ 

= (a+ cf + 2c(a + c)cos h c'^, 

so that r2-a2 = 2c(a+c)(l + cos^^) 

/I / . \ 2^^ A c(a+c) 2 . 

the relation connecting p and r in an epicycloid. 

The teeth of wheels are usually shaped by epi- and 
hypo-cycloids; to show how to cut the teeth on two 
wheels so as to work accurately with each other, produce 
01 to a fixed point 0\ and suppose 0' the centre of a 
wheel of radius 0T= a\ which revolves without slipping 
in contact with the wheel of centre and radius a. 

If the circle, centre C and radius c, rolls on the inside 
of the circle, centre 0' and radius a\ and describes the 
hypocycloid A'P, then if the vertices A and A' of the 
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epi- and hypo-cycloid start in contact, the two curves 
will roll and slide on each other (fig. 46), so that the 
common normal at P passes through /, and therefore the 
constant velocity ratio of the wheels is maintained. 

Only a small portion of each curve in the neighbour^ 
hood of a cusp is made use of to form a tooth ; and the 
tooth is completed by a portion of an epicycloid on the 
circle 0\ and a portion of a hypocycloid on the circle 0, 
each described by the rolling of a circle of the same 
radius c\ 

For instance, if c'=\a, then the hypocycloid on the 
circle is given by 

x = (a~ d) cos — c'cos 1 1 — , j0 = 0, 

2/ = (a — c')sin0 — c'sinf 1 — >j0 = asin Q\ 

so that the hypocycloid degenerates into a straight line. 

When the radius c of the rolling circle is made infinite, 
the epicycloid and hypocycloid both become involutes of 
the circles and 0\ and the teeth of wheels are sometimes 
made of this shape ; involute teeth have the advantage of 
preserving the velocity ratio of the wheels constant for a 
variable distance between the centres of the wheels. 

Produce PI both ways to meet the circles and 0^ 
again in H and H\ and draw EPE' parallel to 00' to 
meet OH, O'H' in E and E\ 

Then E and E' are the centres of circles of radii a-\-o 
and a' — c which touch each other at P, and the circles 
and 0' at H and H\ so that the same epicycloid AP and 
hypocycloid A'P can be described by the rolling of these 
circles on the circles and 0' respectively ; this is called 
the double generation of the epicycloid and hypocycloid. 
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124. Inverse Curves, 

If the vector OP of a curve is produced to Q, so that 
OQ is inversely proportional to OP; or OP.OQ = c?, a 
constant, then the locus of Q is called an inverse curve of 
the locus of P, with respect to the origin 0, or with re- 
spect to the circle of centre and radius c. 

Thus, if u=f0 is the polar equation of the locus of P, 
then r = cHQ is the polar equation of the inverse curve, 
the locus of Q with respect to the origin 0. 

The inverse of a circle (or sphere) is another circle (or 
sphere), except when the circle (or sphere) passes through 
the origin of inversion, when the inverse is a straight 
line (or a plane). 

For if OPQ meets a circle (or sphere) in P and Q, then 
OP . OQz=OT^y a constant, where OT is a tangent to the 
circle (or sphere), so that the circle or sphere is its own 
inverse, with respect to any origin 0, and all circles and 
spheres are similar. 

A curve and its inverse cut the vector OPQ at comple- 
mentary angles ; for if P', Q' are corresponding consecu- 
tive points on the curve and the inverse, 

OF ,Oq=OP,OQ, 
so that a circle can be described round PQQ'P\ and 
therefore the angles QPP' and QQ'P' are complementary, 
and PP\ QQ' are ultimately the tangents at P and Q. 

Otherwise, in the curve described by P, 

__dr _^d log r _ d log n _ f '0 

and in the curve described by Q, 

, du d log u VS 

SO that cot 0-f-cot ^' = 0, or cl> + <f)—'jr. 
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Consequently if two curves cut at a given angle, the 
inverse curves cut at the same angle ; for instance the 
inverse of a system of orthogonal curves, that is, two sets 
of curves intersecting at right angles, is another system 
of orthogonal curves; and the inverse of a system of 
oblique trajectories of orthogonal curves, that is, curves 
cutting the orthogonal curves at a constant angle, is 
another system of oblique trajectories of the system of 
orthogonal inverse curves. 

As an exercise, prove that the inverse curves of the 
dipolar system of circles of § 29 with respect to either 
pole Sov S' are a system of concentric circles, and a system 
of straight lines through the common centre; and the 
inverse of the oblique trajectories are equiangular spirals. 

125. Exact Mechanical Parallel Motion, 

When P describes a given curve, the point Q can be 
made to describe an inverse curve by means of the 
mechanical invertors of link motion invented by Peau- 
cellier and Hart. 

Peaucellier's motion consists of a rhombus XP, Pi/, 
Jf Q, QL formed by four links of equal length, jointed at 
Z, My P, Q, and two equal links OX, OM, jointed at a 
fixed point (fig. 47). 

Then, however the link motion is displaced by the 
motion of P, 

OP.OQ = OE^-EP^ = OL^-LP^, 

a constant, so that P and Q describe inverse curves. 

For instance, if P is made to describe an arc of a circle 
passing through by means of a link (7P, jointed at a fixed 
point C, where 00=CP, then Q will move in a straight 
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Jine perpendicular to OC, so that Q can be attached to 
the head of a piston rod, and thus Peaucellier's motion 
accomplishes with exactness what is only approximately 
eflfected by Watt's Parallel Motion. 

R 




Fig 47 

Hart's Parallel Motion accomplishes the same purpose 
with four bars, while Peaucellier's requires six. 

A jointed rhomboid FOHK of rods is taken, and the 

rods are crossed ; any fixed point in FG is taken and 

OPQR is drawn parallel to FH or OK to meet FK in P, 

OH in Q, and HK in R ; then P, Q, and R are fixed 

points in FK, OH, and HK (fig. 47), such that when 

FOHK is opened out into a parallelogram, OQRP will be 

a parallelogram the sides of which are parallel to the 

diagonals of the parallelogram FOHK ; and OP . QQ is 

constant, so that P and Q describe inverse curves if is 

fixed. 

OP ^FJP OQ__PK 

Ok FK' FH^FK' 



For 



so that OP. 0Q = ^^^/ FH. OK 

FP PK 
= — w^2^ (OH^ — HK^), which is constant. 
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If we diVSiwFO parallel to PM or XQ, OQH parallel to OX, 
and FPK parallel to OM ; then is the middle point of 
FQy and FG or ifiT is twice the length of a side of the 
rhombus LPMQ, aud FK and ffXf are twice the length of 
OL or OM (fig. 47). 

We may join LR and Jl/iJ by bars, and then the two 
rhombuses LPMQ, OLRM are said to make a complete 
Peaucellier cell. 

When P and Q are inside the cell, the cell is called 
positive (fig. 47); but when P and Q are outside, it is 
called a negative cell (fig. 48). 




Fig 48 

126. Polar Reciprocals, 

The inverse of the pedal of a curve with respect to the 
same pole is called the polar reciprocal of the curve. 

For instance, the pedal of a circle with respect to any 
point is the lima5on, whose polar equation in r 
and is r = a+bcos6, 

and the polar reciprocal of a circle is therefore the inverse 
of a lima9on, and its. equation is 

r = 



a+bcosd 
the polar equation of a conic, a focus at the origin. 
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If 6<a, the conic is an ellipse, the inverse of an oval 
lima^on (fig. 44, i.), and the origin is inside the circle ; 
if h>a, the conic is a hyperbola, the inverse of a nodal 
limagon (fig. 44, ii.), and the origin is outside the circle ; 
if 6 = a, the conic is a parabola, the inverse of a cardioid, 
and the origin is on the circle (fig. 44, iii.). 

The polar equations of the confocal conies (§ 74), with 
origin at a focus S^ are 

c sinh^w c sin^/ 

cosh n + COS Q' cos ^— COS ' . , 

and therefore a system of inverse curves is given by the 
equations 

r sinh*J7 = cfcosh jy + cos 0), r sin^^= c(cos ^— cos 0), 

the equations of a system of orthogonal Hmaqons ; and 
these limaqons can be proved to be the pedals of the 
system of circles (§ 29), which do not pass through S and 
8\ with respect to S or S\ 

The polar reciprocals of these circles with respect to S 
or S' are therefore a system of confocal conies. 

The polar reciprocals of the system of circles through 
S and 8' will be a system of parabolas. 

A large class of important curves are denoted by the 
equation 

r''=a'*cosn6, 

where n is some number; for instance the curve is 
(i.) when n=l, a circle; (ii.) n= — 1, a straight line; 
(iii.) 71 =—2, a rectangular hyperbola; (iv.) n = 2, a 
lemniscate; (v.) n = J, a cardioid ; (vi.) ti = — J, a parabola. 



IN GENERAL, 257 



Differentiating logarithmically, 

. , dlogr , ^ 
cot = — 7g— = — tan 710, 

so that ^ = Itt + n0, 

and therefore a, = (1 + 7^)0 ; 

and p = r cos i?.0 = a (cos 7i0)" 

n+l 



/ 710) \ " 
= alCOS -zr) , 



■^n y-K^ny 



or _p"' = a'"cos 7)iw, 

71/ 

vvL ^e m = - .^, the polar equation of the pedal, an 

equation of the same form as that of the original curve, 

with TTi for n. 

The equation of an inverse curve with respect to the 

origin will be 

r"cos n6 = b^ ; 

and of a polar reciprocal 

r"*cosm0 = c"*. 

If AP is the roulette with respect to a straight line 
of the origin of the curve r"=:a"cos7i0 (fig. 45), then, 
denoting the angle IPM by yfr, and MP by y, 

and y=P = a(cos mco)*", 

so that 2/"* = a"*cos mw = a"*cos '^, 

the relation connecting y and x/r in the roulette. 
Differentiating logarithmically with respect to s, 

m dy , , d\lr 

--= — tan^^, 

y as ^ ds 

- dy , , da 

and -^=-sm^.^ = p; 

R 
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then ysec ^.^PJ 

so that the radius of curvature of the roulette is — or 

1 + - of the length of the normal PI. 

For instance, if 7i=l, the rolling curve is a circle, and 
the roulette a cycloid, and p = 2P/, as before (§ 93). 



Suppose the roulette AP is the catenary curve assumed 
under gi'avity by a chain of variable density o- per unit 
of length, with Ox horizontal (fig. 45) ; then if T denotes 
the tension at P, T^ at the lowest point J., and W the 
weight of the chain APy resolving horizontally and 
vertically for the equilibrium of the part AP, 

so that W= Tq tan i/r ; 

<^=-^=^oSec2^-^=-^^(secV^)- , 

so that the density at Ay where ^ = 0, is o-o = ; 

therefore — = (sec i/r)»^'*"* = (sec yfrf'^^ = ( — - )« . 

For instance, if 7i= — ^, cr is constant, and the ordinary 
catenary is the roulette of the focus of a parabola. 

If m is negative, the roulette AP is convex to the axis 
of X ; put m = — p, then 



yfr, and p = ^^ — —. 






IN GENERAL, 259 

Now suppose that AP is a trajectory described under 
gravity in a resisting medium, to determine the retarda- 
tion R due to the resistance. 

Resolving normally (§ 90) 

~=g cos Y^, or v^^gp cos i/r ='-^^ ; 
and resolving tangentially 

so that R=gsmxlr-'^-J^=g(l^~jsmxl^. 
Denoting the velocity at A by Vq, then Vq^ = —, 

giving the resistance as a function of the velocity. 

ExarrvpUs. — (1) Prove that the equation of the pedal 
of an ellipse with respect to the centre is 

p^ = a^ cos2 CO + 6^ sin^ co, 

and that the polar reciprocal is another ellipse. 

(2) Prove that the polar reciprocal of an epi- or hypo- 
cycloid with respect to the centre is a Cotes's spiral of the 
form r cos mO = b (§ 87), and that the roulette of the centre 
with respect to a straight line is an ellipse (Ex. 1, p. 98). 

(3) Prove that the vibrations in an epi- or hypo-cycloid 
are isochronous (§ 94) for a repulsion from or attraction 
to the centre varying as the distance. 
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127. Conjugate Functions and OHhogonal and Oblique 
Trajectories, 

Two quantities a and ^ are said to be conjugate fwac- 
tions of X and y, if a+i/3 is o, function of x+iy, where 
i = ^( — 1). (Maxwell, Electricity y Vol. 1, Chap. XII.) 

Let a + il3 = f(x + iy) = i'z, 

suppose, where z = x+iy. 

Then -^+%^ = iz, 

ox ox 

da , .dB .«, 
dy dy 

., ^, 9a . .dS .da dB 

so that ^ ^-?;^ = ^^ -^, 

oy cy ox ex 



and therefore, 
and consequently, 



da^dj 9/8^ _Sa. 

dx dy' dx dy' 

d'ad^a d^§ d^^_ 

dx'^dy^ ' dx^^dy^~ 



Also the Jacobian 

dad_^_da 9^^ W . /W^/9ay . /W 
dx dy dy dx \dx/ \dx) \dy) \dy) 

= i\x + iy)i\x-iy) = R\ 

suppose. 

Conversely, if x+iy = Y{a+i^) 
,, dx__dy dx_^ dy 

SO that if X and y are rectangular co-ordinates, and if Sj 



\ 
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denotes the arc of a curve whose equation is ^ = const., 
and §2 the arc of a curve a = const., 

and the curves intersect at right angles, thus forming a 
system of orthogonal curves. 

Two cases of this kind have been discussed in § 29. 

In an oblique trajectory, cutting the orthogonal curves 
a and /3 at constant angles ^ir+y and y, 

d8j^cosy + ds2^iny = 0y 
or da cos y+cZj8 sin y = 0, 

and therefore a cos y + ^ sin y = const., 
is the equation of an oblique trajectory. 

As an exercise, prove that the oblique trajectories of 
r**=a'*cos7i0 are given by r** = 6"cos(7i0 — y), and deter- 
mine the orthogonal and oblique trajectories obtained by 
putting a+il3 = {x+ iy^ ylog{x + iy\ exp(a5 + iy),cos{x + iy)^ 
tan(a?+i2/), co^~\x+iy)y tdiXT^ix+iy), 

N 

127. Rational Algebraical Curves in Cartesian Co- 
ordinates. 

A number of such curves have already been introduced 
previously, which presented no difficulty in tracing from 
their equations ; a slight sketch will now be given of a 
systematic method of treatment, but for a complete 
account the reader is referred to the treatises on Curve 
Tracing by 1 rost and Woolsey Johnson. 

Given the equation of a curve in the rational algebrai- 
cal form of the implicit relation 

{(x, y) = 0, 

tirst arrange the terms in groups of binary quantics of 
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descending order n, n — 1, ..., 3, 2, 1, 0, denoted by 

^<'«» '^u-ii •••> 'M'y '^2> ^i» '^a'y so that the equieition of the 
curve becomes 

then n is called the degree of the curve. 

If Uq does not vanish, the curve does not pass through 
the origin ; but by changing the origin to a point on the 
curve we can make Uq vanish, and then Uj = is the 
equation of the tangent at the origin. 

Also u^+u^=zO is the equation of a conic section, 
oscvZating the given curve at the origin. 

If i6j also vanishes, then u^ = represents two straight 
lines, real or imaginary, through the origin, which are 
the tangents at the origin ; if real, the origin is a double 
Ijoint, and the curve crosses itself; if imaginary, the 
origin is a conjugate point, that is, an isolated point the 
co-ordinates of which satisfy the equation of the curve. 

If u^ is a perfect square, the tangents are coincident, 
and the origin is in general a cusp (§ 96). 

liu^ also vanishes, then 163=0 denotes the tangents at 
the origin, so that if ii^ has three real linear factors, the 
origin is a triple point; and so on. 

Generally to find the multiple points of a curve, that 
is the points where the curve crosses itself, consider the 
first derived equation 

dx dy dx ' 
this gives in general a determinate value of -,^, except 

when 
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when the valoe of -^ becomes indeterminate, and the 

CLX 

second, or third, ... derived equation must be employed 

to determine -^ ; so that to determine the multiple points 

of a corve we mnst find the valoes of x and y from the 

equations ^- = 0, and ^-=0, 

ox &y 

which also satisfy the equation of the curve 

%,y)=0; 
and then having determined these points, a change of 
origin to such a point will indicate the nature of the 
point by inspection* 

Eocamplea. — Determine the tangents at the origin of 
the following curves — 

1. a?(x+y)'-a\x—y) = 0. 

2. a^+y^'-3axy=0. 

3. a^^-'a%x+y)=0. 

4. a^-a?la?'-'y^ = 0. 

Secondly, to determine the nature of the curve at an 
infinite distance from the origin, consider the geometrical 
interpretation of the equation 

which represents n straight lines, real or imaginary, 
through the origin. 

The real straight lines will approximate to the nature 
of the curve at an infinite distance, and will therefore be 
parallel to the rectilinear asymptotes, if asymptotes exist. 
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The definition of an asymptote has already been given 
(§ 120) ; it is a tangent to the curve of which the point of 
contact is at infinity, the tangent itself remaining at a 
finite distance from the origin ; or it is a straight line to 
which the curve continually approaches and ultimately 
at an infinite distance becomes indefinitely near. 

The equation of an asymj)tote will therefore be of the 
form y=mx+n, 

when y = mx is the equation of one of the straight lines 
represented by u„ = 0. 

The problem of finding an asymptote is then, from the 
implicit relation {(x, y) = 0, to expand y by reversion of 
aei^ies in descending powers of x in the form 

^ X or 

Substituting this value of y in terms oix in the equation 

ffe y) = 0, and treating the resulting equation as an 

identical equation, and equating to zero the coefiicients of 

ic", ic""^ a;**"*, , suflScient equations are obtained to 

determine m, n, py q, 

Then m determines the direction and n the position of 
the asymptote, and p or q determines the side of the 
asymptote on which the curve lies ; for this reason it is 
generally useful to expand y in descending powers of x 
as far as three terms. 

If u„ has a factor x, then to determine the correspond- 
ing asymptote we must expand x in descending powers of 

y in the form x = n'+ — + %+ : 

^ y y^ 

or we may in general put 

x=my+n+^+P+ , 

and determine m', n\p\ q' , as before. 
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When it is possible to obtain y explicitly in terms of x, 
or X in terms of y, from the implicit relation f(ic, y) = 0, 
the asymptotes are then determined by expanding in 
descending powers by the Binomial Theorem ; thus if 

a:?+y^=a^, 

then y = ^(a?-a?)= -a;^l-^j*= -x+^^ ; 

or aj = 4/(a3-i/3)= -3/(1-^3)''= -2/+^2 

Also, \ix = a makes y= 00, or y = h makes a: = 00, then 
a3 — a = is an asymptote, and also 2/ — 6 = 0. 
For example, if the equation is 

-'+- = 1 
x^ ^ ' 

then 2/2 _ _h^ ^^^ ^^ ^ ^ 

so that aj±a = and 3/ ±6 = are asymptotes. 

The preceding considerations are in general sufficient 
for tracing a curve whose equation is given, but consider- 
ations of symmetry are also useful ; thus, if only even 
powers of x appear in the equation, the curve is sym- 
metrical right and left of the axis of y; if only even 
powers of y appear, the curve is symmetrical above and 
below the axis of x. 

Examples, — Determine the asymptotes of the following 

curves, and trace the curves. 

1 ?^_^_i ^- aj*+y^— 3aiC2/ = <^. 

a^ b^~ 6, a?y^=a\x^+y'') 

2. x^y + xy^ = a?, or a\x^ — y^), 

3. y^=x\2a-x\ 7. x/^-y^-a^xy^O. 

4. a?''xy^+ay'^ = 0. 8. a:^-|-i/^— 5aa^2/^ = 0. 
Trace also the curves of the preceding set of examples. 
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NOTE A. 

It is sometimes simplex* to use the definition 

dfx ^ ^ ^f{x+h)---{ (x-h) 
dx 2h 

which is equivalent to the ordinaiy definition (§ 1) ; for 
instiince, in this way 

dx'_.Xx+hf^(x-hY_ 

di - ^^ ^, - - -^ (3 3). 

(/ sin fl:;_, sin(aj+/i)— sin(a: — /t) 
dx 2h 

= lt cos x — ^— ==cos x (§ 4). 
dcosaj__, cos(a;+^) — cos(a; — A) 

= — siniclt , =— sinx(§6). 

ft 

Again, in this way (§ 34) 

(luv __ , (u +Au)(v+A v) — (it — Au )(v — Av) 
dx " 2Aic 



iJAu , Av\ du 



. dv 
ax 
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NOTE B. 

In the proof of — ^ — = naj"~^ (§ 3) the Binomial 

Theorem and its eonvergency have been assumed; but 
the proof can be given without this assumption. 

(i.) Suppose n a positive integer, and denote x+hhy 
x^ ; then 

dx~^ x^ — x 

= li(x;''^+xx;'-^+...+x"-\+x'"') = 7ix''-\ 

(ii.) Suppose n a positive fraction ~, and put aj = «V 



x^ = z^^; then 



;> p 



dx~ x^ — x 






(iii.) Suppose n a negative number — m ; then 



daf" lA""*""^ 



-m 



= It; 



dx^ 
so that , = nx''~'^y universally. 
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inverse hyperbolic functions, 45 ; 

logarithm, 35; 

power, 2; 

sum or difference, product or 
quotient, 45. 
Differentiation, partial, of two 

variables, 217. 
Differentiation, successive, 129 ; 

dynamical applications of, 135; 

geometrical illustrations, 150. 

» 

Double integration, 223. 
Double point, 262. 



Equation — continued. 
of chord, tangent, asymptote 

and normal, 238 ; 
first derived, 17. 
Equiangular spiral, 98. 
Euler's numbers, 198 ; 
expressed as definite integrals, 

200; 
theorem of homogeneous func- 
tions, 235. 
Evolute, 154 ; 
of an ellipse or hyperbola, 168 ; 
of a parabola, 166. 
Expansion of circular and hyper- 
bolic functions, 192 ; 
of a function of two variables, 
220. 

Fermat, law of refraction, 187. 
Fluent and fluxions, 75. 
Formulae, trigonometrical, 6 ; 

hyperbolic, 37. 
Fourier's series, 212. 
Functions, definition of, 2 ; 

of three or more variables, 23*2. 

Green's theorem, 235. 
Gregorie's series, 194. 
Gudermann functions, 41. 
Guldin's theorem, 102. 
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Ellipse, 38 ; 

area of, 84 ; 

evolute, 168. 
Envelopes, 170 ; 

of trajectories, 143. 
Epicycloid, 162, 248 ; 

double generation of, 251. 
Equation of motion in a plane, ] 40 ; 

with polar co-ordinates, 144 ; 



Harmonic vibrations, 160. 
Hyperbola, 38, 256 ; 

conjugate, area of, 87 ; 

evolute, 168. 
Hyperbolic functions, 37 ; 

geometrical interpretation of, 40. 
Hyperbolic spiral, 98. 
Hypocycloid, 163, 248 ; 

double generation ctf, 251. 
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Implicit and explicit functions, 17. 
Indefinite integrals, 62. 
Independent yariable,changeof, 152 
Indeterminate forms, 206. 
Inflexion, points of, 183, 240. 
Instantaneous centre, 157, 241, 

248. 
Integration, definition of, 59 ; 

by parts, 103 ; 

by reduction, 106 ; 

considerations of symmetry and 
periodicity, 79 ; 

double, 223 ; 

limits, 76, 78 ; 

of circular and hyperbolic func- 
tions, 70, 120 ; 

of irrational functions, 110 ; 

of rational functions, 63. 
Intrinsic equations, 162. 
Inverse curves, 252. 
Involute, 154, 245 ; 

teeth of wheels, 251. 

Jacobian, 118, 260. 

Kepler's law, 148. 

Lagrange's form of remainder in 

Taylor's series, 201. 
Leibnitz's theorem, 132 ; 
«r symbolical form, 133. 
Lenmiscate, 256. 
Lima9on, 98, 244, 256. 
Limits in integration, 76, 78. 
Logarithmic spiral, 98. 
Loxodrome or rhumb line, 58. 

Maclaurin's theorem, 191. 
Maxima and minima, 174 ; 
exceptional cases, 182 ; 



Maxima and minima — continued, 
geometric and other solutions, 

185; 
of two variables, 222. 

Method of limits, 1, 33, 206. 

Multiple points, 262. 

Napierian logarithms, base <;, 33. 
Neutral equilibrium, 97, 245. 
Newton's law of gravitation, 148. 
Normal to curve, 13 ; 
in polar co-ordinates, 238. 

Oblique trajectories, 253, 260. 
Orthogonal transformations, 187 ; 

curves, systems of, 253 ; 

trajectories, 260. 
Osculating circle, 150. 

Pappus, theorems of, 102. 
Parabola, 256 ; 

arc of, 97 ; 

area, 80 ; 

semi-cubical, 95. 
Parabolic motion, 140. 
Paraboloid, volume and surface of, 

101. 
Parallel motion 

Peaucellier's, 253 ; 

Hart, 254. 
Pedal curves, 241. 
Perfect differentials, 226. 
Planimeter, 228. 
Polar equation, 20. 
Polar reciprocals, 255. 
Proportional parts, rule for, 13. 

Quadrature, definition of, 74 ; 
of circle and ellipse, 83 ; 
hyperbola and conjugate, 87 ; 
parabola, 80 ; 
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Quadrature — continued, 

surfaces, 98 ; 

with polar co-ordinates, 92. 
Qnantics, 233. 

liadius of curvature, 151, 243. 
Rectification of curves, 95. 
Reduction, integration by, 106. 
Relations of circular functions, 28; 

inverse circular functions, 30. 
Remainder in Taylor's series, 201. 
Roulettes, 245. 

Schlijmilch and Roche's form of 

remainder in Taylor's series, 204. 
Series, Bernoulli's, 196; 

binomial, 190 ; 

circular and hyperbolic, 192 ; 

Euler's, 198 ; 

Fourier's, 212 ; 

Gregorie's, 194; 

Maclaurin's, 191 ; 

remainders of, 201 ; 

Taylor's, 190. 
Sign of an area, 225. 
Solid of revolution, volume and 

surface of, 98. 
Sphere, volume and surface, 99. 
Steiner's theorems 

analogy between roulette and 
pedal, 245; 

connection between areas of 
pedals, 247. 



Subtangent and abnormal, 13 ; 

in polar co-ordinates, 22. 
Successive differentiation, 129 ; 

dynamical applications of, 135 ; 

geometrical illustrations, 150. 
Surface of cone, paraboloid, sphere, 

and spheroid, 99. 

Tangent to curve, 13, 19; 

in polar co-ordinates, 238. 
Taylor's theorem, 189; 

geometrical interpretation of, 12, 
204; 

two independent variables, 220. 
Teeth of wheels, 250. 
Tractrix, 58, 96, 128; 

involute of, 155. 
Triple point, 262. 
Trochoid, 98, 245. 
True and eccentric anomaly, 

120. 

Vectors, 241. 

Velocity, radial and transversal, 

22, 144. 
Vertical motion of a body, 136 ; 

with resistance of air, 137. 
Vibrations, cycloidal, 156; 

harmonic, 160. 

Wallis's theorems, 107. 
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